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6 CHAPTER 1. INTRODUCTION
1.1 Basics of the Big-Bang Model
A remarkable characteristic of our Universe is the fact that on large scales it is
homogeneous and isotropic [1] . For most of the last century, the homogeneity
and isotropy of the Universe have been taken as an assumption, known as the
Cosmological Principle, due to the lack of direct tests and remained a guess until
they were confirmed by firm empirical data obtained for the first time at the end
of the 20th century. Redshift surveys suggest that the Universe is homogeneous
and isotropic only when coarse grained on 100 Mpc1 scales; on smaller scales
there exist large inhomogeneities, such as galaxies, clusters and superclusters.
As regards the matter content, we know that
• the Universe is pervaded by the Cosmic Microwave Background (CMB),
which is a black-body radiation with temperature T = 2.73K;
• there is baryonic matter, circa one baryon per 109 photons, but no signif-
icant amount of antimatter;
• baryonic matter is composed of 75% hydrogen, 25% helium and trace
amounts of heavier elements;
• baryons represent only 5% of the total energy density of the universe;
the rest is a dark component, which is distinguished in cold dark matter
(∼ 27%) with negligible pressure and dark energy (∼ 68%) with negative
pressure.
Moreover, from surveys on CMB anisotropies [2, 3], it emerges that there were
only small fluctuations of order 10−5 in the energy density distribution when
the observable Universe was a thousand times smaller than now. Any cosmolog-
ical model must be consistent with the established facts described above. Until
now, the standard Big-Bang model, provided with inflationary theory, is the
most credited proposal.
11 Mpc = 3.26× 106 light years ' 3.08× 1024 cm.
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Standard cosmology is based upon the maximally spatially symmetric Friedmann-
Robertson-Walker (FRW) line element
ds2 = gµνdx
µdxν = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
; (1.1.1)
where a(t) is the cosmic scale factor, Rcurv ≡ a2(t)|k|−1 is the curvature ra-
dius and k = −1, 0, 1 is the curvature signature. All three models are without
boundary: the positively curved model is finite and "curves" back on itself; the
negatively and flat models are infinite in extent. The FRW metric embodies the
observed isotropy and homogeneity of the universe. The coordinates r, θ, φ are
referred as comoving coordinates: a particle at rest in these coordinates remains
at rest, i.e. constant r, θ, φ. A freely moving particle eventually comes at rest
in these coordinates, because its momentum decays as p ∝ a−1. Motion with
respect to the comoving coordinates is referred to as peculiar velocity ; unless
supported by the inhomogeneous distribution of matter, peculiar velocities de-
cay as a−1.
Physical separation between freely moving particles scale as a(t), that is the
physical separation between two points is simply a(t) times the coordinate sep-
aration. The momenta of freely moving particles red-shifts as a−1(t), and thus
the wavelength of a photon stretches as a−1(t), which is the origin of the cos-
mological red-shift. The red-shift suffered by a photon emitted from a distant
galaxy is
1 + z =
a0
a(t)
. (1.1.2)
Thus, a galaxy whose light is red-shifted by 1 + z emitted that light when the
observable Universe was a factor (1 + z)−1 smaller. CMB photons for example
last scattered when the observable Universe was about 1100 times smaller.
1.1.1 Friedmann equations
General Relativity (GR) provides a mathematically consistent theory of the
Universe, in addition to introducing key changes to the Newtonian description.
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In GR, the dynamical variables characterizing the gravitational field are the
components of the metric tensor gµν(xα) and they obey Einstein equations:
Gµν ≡ Rµν − 1
2
Rgµν = 8piGTµν , (1.1.3)
where
Rµν =
∂Γαµν
∂xα
− ∂Γ
α
µα
∂xν
+ ΓαµνΓ
β
αβ − ΓβµαΓανβ (1.1.4)
is the Ricci tensor constructed from the Christoffel symbols
Γαβγ =
1
2
gαδ
(
∂gγδ
∂xβ
+
∂gδβ
∂xγ
− ∂gβγ
∂xδ
)
, (1.1.5)
in which gαβ denotes the inverse metric, defined by gαγgγβ = δαβ . The scalar
curvature R is defined as R = gµνRµν . Matter is incorporated into eq. (1.1.3)
via the energy-momentum tensor Tµν . Einstein equations can be derived also
from a field theory approach. The action for the gravitational field is the
Einstein-Hilbert action
SEH =
1
16piG
∫
d4x
√−gR, (1.1.6)
g being the determinant of the metric tensor. The total action is then
S = SEH + Sm. (1.1.7)
Varying this action with respect to gµν it is possible to show that
δ(
√−gR) =
(
Rµν − 1
2
Rgµν
)
δgµν . (1.1.8)
Thus, defining Tµν ≡ −(2/√−g)δSm/δgµν , we obtain eq. (1.1.3).
The tensor Tµν is symmetric, Tµν = Tνµ and is determined by the condition
that in Minkowski spacetime the equations of motion read
Tµν,ν ≡
∂Tµν
∂xν
= 0. (1.1.9)
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Hence, in curved space-time, we need to modify eq. (1.1.9) in order to take
account of the gravitational field as
∇νTµν = Tµν,ν + ΓµανTαν + ΓνανTµα = 0. (1.1.10)
It is important to stress that these equations need not to be postulated within
the framework of GR as they immediately follow from the Bianchi identity
satisfied by the Einstein tensor ∇νGµν = 0. On large scales, matter can be
regarded as a perfect fluid characterized by its energy density ρ, pressure p and
4-velocity uµ, whose energy-momentum tensor reads
Tµν = (p+ ρ)uµuν + pgµν , u
µ = (1, 0, 0, 0) (1.1.11)
The dependence p ≡ p(ρ) depends on the properties of the fluid and must be
specified as well. In many cosmological cases, p = wρ with w constant. For
example, cold dark matter has w = 0 while radiation has w = 1/3.
Under the assumptions of isotropy and homogeneity, the evolution of the scale
factor is governed by the 00 component of the Einstein equations, which takes
the name of first Friedmann equation:
H2 ≡
(
a˙
a
)2
=
8piG
3
ρ− k
a2
. (1.1.12)
From the conservation of the energy-momentum tensor ∇µTµν = 0 we derive
the mass conservation equation:
ρ˙ = −3H(p+ ρ). (1.1.13)
Differentiating with respect to time eq. (1.1.12) and using eq. (1.1.13) we find
an equation for the acceleration of the scale factor, known as second Friedmann
equation:
a¨
a
= −4piG
3
(ρ+ 3p). (1.1.14)
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The time derivative of the Hubble rate can be expressed, combining eqs. (1.1.12)
and (1.1.14), as
H˙ = −4piG(p+ ρ). (1.1.15)
The evolution of the energy density of the universe is governed by
d(ρa3) = −pd(a3), (1.1.16)
which is the First Law of Thermodynamics for a fluid in the expanding universe.
Let us consider some example:
• Ultra-relativistic matter (radiation). In this case p = ρ/3 and from eq.
(1.1.16) we obtain ρ ∝ a−4. Hence, from eq. (1.1.12) with k = 0 we get
a˙2
a2
=
8piG
3
ρ =
8piG
3
[
ρa4
]
a−4,
a2a˙2 =
8piG
3
[
ρa4
]
,
aa˙ =
(
8piG
3
[
ρa4
])1/2
,
a2
2
=
(
8piG
3
[
ρa4
])1/2
t+ const., (1.1.17)
where we indicated with the brackets a constant quantity. We see then
that in a flat, radiation-dominated universe, the scale factor grows with
the time as t1/2 and H = 1/(2t),
• Dust-like matter. In this case, p = 0 and ρ ∝ a−3. Therefore
a1/2a˙ =
(
8piG
3
[
ρa3
])1/2
,
2
3
a3/2 =
(
8piG
3
[
ρa3
])1/2
t+ const. (1.1.18)
We see then that in a flat dust-dominated universe a ∝ t2/3 and H =
2/(3t).
• Vacuum energy. In this case, p = −ρ and both ρ and H are constant.
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Hence,
a(t) ∝ eHt. (1.1.19)
In the general case of a flat universe dominated by a fluid with equation of state
p = wρ, with constant w 6= −1, we have ρ ∝ a−3(1+w), a ∝ t2/(3(1+w)) and
H = 2/(3(1 + w)t).
We can use the Friedmann equation (1.1.12) to relate the curvature of the
Universe to the energy density and the expansion rate. Introducing the critical
density ρcr ≡ 3H2/8piG, with present value ρcr,0 = 1.88h20 g cm−3 ' 1.05×104h20
eV cm−3 and the cosmological parameter Ω ≡ ρ/ρcr, we have
Ω− 1 = k
a2H2
. (1.1.20)
There is a one-to-one correspondence between Ω and the spatial curvature of
the Universe: positively curved, Ω0 > 1; negatively curved, Ω0 < 1; and flat,
Ω0 = 1. Recent analysis [4] shows that
Ω0 = 1.0023
+0.0056
−0.0054, (1.1.21)
that is the Universe is very close to be spatially flat. Restricting to Ω0 = 1, the
dark matter, baryon and radiation densities are given by
(ΩDMh
2)0 = 0.1188± 0.0010, (1.1.22)
(Ωbh
2)0 = 0.02230± 0.00014, (1.1.23)
(Ωrh
2)0 ≈ 4.2× 10−5, (1.1.24)
where h0 = 0.72±0.007 is the present Hubble rate in units of 100 km sec−1Mpc−1.
At present time, matter outweighs radiation by a wide margin. However, since
ρm ∝ a−3 and ρr ∝ a−4, at early times the Universe was radiation-dominated.
Denoting the epoch of matter-radiation equality by the subscript ‘eq’ and using
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T0 = 2.73K, we have
aeq = 4.18× 10−5(Ω0h2)−1, Teq = 5.62(Ω0h2) eV, (1.1.25)
teq = 4.17× 1010(Ω0h2)−2 sec. (1.1.26)
For t < teq, the expansion rate and age of the Universe were determined by the
temperature of the Universe and the number of relativistic degrees of freedom
as
ρr = g∗(T )
pi2T 4
30
, (1.1.27)
H ' 1.67g∗ T
2
mp
, (1.1.28)
t ' 2.42× 10−6g−1/2∗
(
T
1 GeV
)−2
sec, (1.1.29)
where g∗(T ) counts the number of ultra-relativistic degrees of freedom. An
important quantity we can define is the entropy density in relativistic particles:
s =
p+ ρ
T
=
2pi2
45
g∗T 3, (1.1.30)
from which we can build the entropy per comoving volume,
S ∝ a3s ∝ g∗a3T 3. (1.1.31)
In thermal equilibrium, the entropy per comoving volume remains constant.
This fact is really important because it provides a relation between the temper-
ature and the scale factor:
T ∝ g−1/3∗ a−1. (1.1.32)
For constant g∗ we obtain T ∝ a−1. Another important consequence of the
constancy of S is the fact that it is possible to characterize the size of comoving
volume corresponding to our present Hubble volume by the entropy it contains,
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namely
SU =
4pi
3
H−30 s ' 1090. (1.1.33)
1.2 ΛCDM model
In 1999, the observation [5,6] of the variation of the luminosity of type Ia super-
novae with respect to redshift led to the conclusion that the expansion of the
Universe is presently accelerating: distant supernovae were brighter than ex-
pected and therefore further away than what was predicted within the standard
cosmological scenario. This discovery was not fully understood until the discus-
sion about the flatness of the space was set: if space is flat then, according to
Einstein equations, the average energy density in the Universe must be equal to
the critical density ρc, which however appeared incompatible with astrophysical
observations. In fact, the energy density of the observed components – baryonic
and dark matter – amounted only to about 30% of the critical energy. Super-
novae results suggested that there was one energy component which had been
missed in the Universe and could be neither matter nor radiation, since, as it
follows from Friedmann equations, they both lead to a¨ < 0. This component
was later named dark energy and it forms the remaining 70% of the energy
content of the Universe.
The quest for dark energy is strictly related to open issues of fundamental
physics, among them the vacuum energy. In quantum mechanics the notion of
vacuum energy becomes more complicated than in classical physics: the vac-
uum is the ground state of the system and it is the place of many fluctuations
such as particle-antiparticle annihilation and creation. These fluctuations have
an energy which can not be absolutely measured in non-gravitational physics.
However, in a gravitational framework, every form of energy contributes to the
expansion, as stated by Friedmann equations. We see then that the concept
of vacuum energy lies at the interface between the two greatest achievement of
20th century physics: General Relativity and quantum theory, both of which
have proven to be extremely successful in their own range of validity, but which
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are extremely hard to reconcile.
The best example of this difficulty is indeed the estimate of vacuum energy itself:
within the context of a quantum theory of gravity, we can expect, by dimen-
sional analysis, that the order of magnitude of the vacuum energy is given by
the Planck scale, an energy scale constructed from the Planck constant ~ (char-
acteristic of quantum physics), the speed of light c (characteristic of special
relativity) and Newton constant G (characteristic of gravity):
Evac ∼ EP =
√
~c5
G
≈ 1.22× 1028 eV. (1.2.1)
This result is however about 120 orders of magnitude larger than what it is
observed.
Vacuum energy appears in Einstein equations in the form of cosmological con-
stant. The cosmological constant is a potential candidate for dark energy, even
a preferred one since observations tend to favor a non-dynamical form of dark
energy. Hence dark energy could be the long sought vacuum energy, except
the fact that the corresponding energy is 120 orders of magnitude smaller than
expected.
In a FRW Universe, the presence of a cosmological constant λ modifies the
Friedmann equations (1.1.12),(1.1.14) as
H2 =
8piG
3
ρ+
λ
3
− k
a2
, (1.2.2)
a¨
a
= −4piG
3
(ρ+ 3p) +
λ
3
. (1.2.3)
Introducing the cosmological parameters and defining in addition ΩΛ ≡ λ/(3H20 )
and Ωk,0 ≡ −k/(a20H20 ), the first equation becomes
H2(t) = H20
[
ΩΛ + Ωm,0
(
a0
a(t)
)3
+ Ωr,0
(
a0
a(t)
)4
+ Ωk,0
(
a0
a(t)
)2]
,
(1.2.4)
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H2(z) = H20
[
ΩΛ + Ωm,0(1 + z)
3 + Ωr,0(1 + z)
4 + Ωk,0(1 + z)
2
]
. (1.2.5)
The acceleration of the universe is conventionally measured by the dimensionless
deceleration parameter q:
q ≡ − a¨a
a˙2
. (1.2.6)
At present time, we get (with k = 0)
q0 = − 1
H20
(
a¨
a
)
t=t0
=
1
2
Ωm,0 + Ωr,0 − ΩΛ. (1.2.7)
In order to have acceleration of the expansion, i.e. q0 < 0, we need the cosmo-
logical constant to dominate over the other components. The evolution of the
deceleration parameter in terms of the redshift is given by
q(z) =
H20
2H2(z)
[
Ωm,0(1 + z)
3 + 2Ωr,0(1 + z)
4 − 2ΩΛ
]
. (1.2.8)
Neglecting Ωr,0, this shows that the transition between q < 0 and q > 0 occurs
at redshift 1 + z ∼ (2ΩΛ/Ωm,0)1/3, which is of order one.
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Figure 1.2.1: Evolution of the energy densities of the different species in the Universe vs. the
cosmic size a(t)/a0.
Chapter 2
Shortcomings of the Standard
Big Bang Model and solutions
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By "shortcomings" we do not indicate logical inconsistencies of the standard
cosmology; they refer to the very special set of initial data that appears to be
required in order to obtain an evolution to a Universe similar to ours today
within the standard Big-Bang framework.
2.1 Early universe
2.1.1 The Flatness problem
Let us assume that Einstein equations are valid until the Planck era, when the
temperature was Tp ∼ mp ∼ 1019 GeV. From eq. (1.1.20) we see that if the
universe is perfectly flat, then Ω = 1 at all times. On the other hand, if there is
even a small departure from Ω = 1, then the time dependence of Ω− 1 is quite
different.
During the radiation-dominated era, we have H2 ∝ ρr ∝ a−4 and therefore
Ω− 1 ∝ a2. (2.1.1)
During matter-domination instead H2 ∝ ρm ∝ a−3 and
Ω− 1 ∝ a. (2.1.2)
In both cases the difference Ω− 1 decreases going backwards in time. Since it is
known that today Ω0 − 1 ∼ O(1), we can compute the curvature at the Planck
time tp:
|Ω− 1|t=tp
|Ω− 1|t=t0
≈
(
ap
aeq
)2(
aeq
a0
)
=
TeqT0
T 2p
≈ O(10−61), (2.1.3)
where aeq, Teq refer to the matter-radiation equality. If we go back simply to
the epoch of nucleosynthesis at TN ∼ 1 MeV, we have
|Ω− 1|t=tN
|Ω− 1|t=t0
≈
(
T0
TN
)2
≈ O(10−16). (2.1.4)
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In both cases, we see that in order to get the correct value of Ω0 − 1 at present
time, its value at early times has to be fine-tuned to values extremely close
to zero, but without being exactly zero. This unnatural fine-tuning is what is
commonly addressed as the flatness problem.
2.1.2 The Horizon problem
According to standard cosmology, the early Universe was denser, much hotter,
and filled with a uniform interacting plasma of photons, electrons and baryons.
As the Universe expanded, both the plasma and the radiation filling it cooled
down. When the Universe reached a temperature of the order of 0.3 eV, protons
and electrons combined to form neutral hydrogen atoms, which could no longer
absorb the thermal radiation. This corresponds to the so-called last-scattering
surface (LS), at redshift zLS ≈ 1100 and time tLS ≈ 1.8 × 105(Ω0h2)−1/2
yrs. From this epoch onward, photons freely stream and the Universe became
transparent, and the CMB is a picture of this period. Its spectrum is indeed
consistent with that of a black body at temperature T0 = 2.73 K.
The length corresponding to the Hubble radius today at the time of last-
scattering was
λH(tLS) = RH(t0)
(
aLS
a0
)
= RH(t0)
(
T0
TLS
)
. (2.1.5)
On the other hand, during matter-domination the Hubble length has decreased
with a different law,
H2 ∝ ρm ∝ a−3 ∝ T 3. (2.1.6)
Hence, at last-scattering,
H−1LS = RH(t0)
(
TLS
T0
)−3/2
 RH(t0). (2.1.7)
The length corresponding to our present Hubble radius was much larger than
the horizon at last-scattering. Comparing the volumes corresponding to these
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scales we get
λ3H(TLS)
H−3LS
=
(
T0
TLS
)−3/2
≈ 106. (2.1.8)
This means that there were 106 causally disconnected regions within the volume
that now corresponds to our horizon. It is difficult to imagine a process that
would lead to the same precise black body for a bath of photons in 106 causally
disconnected regions. This represents the horizon problem.
2.2 Late universe
2.2.1 The Vacuum Energy problem
Since it is known that the curvature term does not give a dominant contribution,
eq. (1.2.2), computed at present time, sets a constraint on λ:
|λ| ≤ H20 , (2.2.1)
i.e. the length scale associated with the cosmological constant `Λ ≡ |λ|−1/2
must be larger than the Hubble length `H0 ≡ cH−10 = h−10 × 1026 m. This
does not represent a problem as long as we remain classical. However, there is
indeed a problem when one tries to combine gravity with quantum theory: in
fact, defining the Planck length
`p =
~
mpc
= 8.1×10−35 m, mp =
√
~c
8piG
= 2.4×1018 GeV/c2, (2.2.2)
we see that the constraint reads
`Λ ≥ `H0 ∼ 1060`p. (2.2.3)
There are more than sixty orders of magnitude between the scale associated
with the cosmological constant and the scale of quantum gravity. Re-expressing
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eq. (2.2.3) in terms of λ, we obtain
|λ| . 10−120m2p, (2.2.4)
where we used that, in units ~ = c = 1, `−1p = mp. The relation between the
cosmological constant and the vacuum energy density is ρvac ≡ m2p|λ|, which
follows from the Friedmann equation (1.1.12). Then, inserting into the previous
equation we get
ρvac . 10−120m4p, (2.2.5)
which are the famous 120 orders of magnitude between the vacuum energy and
the Planck energy density mentioned in the previous chapter.
In a purely classical gravitational theory, we can take λ = 0, which is a valid
choice as any other. However, this choice turns out to be unnatural when any
kind of matter is introduced. Indeed, if we set λ = 0 but we assume that there is
a non-vanishing vacuum energy 〈Tµν〉 = ρvacgµν , Einstein equations then read
Rµν − 1
2
Rgµν = 8piGTµν + ρvacgµν . (2.2.6)
The last term can be interpreted as an effective cosmological constant [7] (in
units ~ = c = 1):
λeff = 8piGρvac =
Λ4
m2p
. (2.2.7)
Now the constraint reads
Λ ≤ 10−30mp ∼ 10−3 eV. (2.2.8)
This very unnatural fine-tuning of parameters is referred to as the cosmological
constant problem or vacuum energy problem.
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2.3 The standard inflationary universe
In order to solve the early universe shortcomings of the standard Big-Bang
model, it is possible to introduce a primordial period during which the physical
scales λ evolve faster then the horizon scale H−1. Since λ ∼ a and H−1 = a/a˙,
we see that we need to impose a period during which
d
dt
(
λ
H−1
)
= a¨ > 0. (2.3.1)
We can then rigorously define an inflationary stage as a period of accelerated
expansion of the universe in which gravity behaves as a repulsive force.
Imposing a¨ > 0 in eq. (1.1.14), we get a relation between the overall energy
density and pressure of the universe, called strong energy condition:
a¨ > 0 ⇐⇒ ρ+ 3p < 0. (2.3.2)
An accelerating period can therefore be realized only if the overall pressure of
the universe is negative: p < −ρ/3. Combining the two Friedmann equations
we can write in addition an expression for the time derivative of the Hubble
rate:
H˙ = −4piG(p+ ρ). (2.3.3)
We see than that
H˙ ≤ 0 ⇐⇒ p+ ρ ≥ 0 (null energy condition). (2.3.4)
Matter (pm = 0) and radiation (pr = ρr/3) both fail to satisfy the strong energy
condition and therefore lead to a decelerating stage.
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Figure 2.3.1: Comparison between the evolution of the scale factor in the Standard Big Bang
model and inflation.
2.3.1 Cosmological constant
The first solution proposed in order to achieve accelerated expansion is the cos-
mological constant : since the Einstein tensor is defined up to a term proportional
to gµν , we can modify the Einstein equations in the following way
Rµν +
1
2
Rgµν + Λgµν = 8piGTµν , (2.3.5)
with Λ > 0 constant. This term can be interpreted as a fluid having
ρΛ =
Λ
8piG
, p = − Λ
8piG
, (2.3.6)
i.e. p = −ρ. Therefore, from eqs. (1.1.14) and (2.3.3) we obtain, in this limit
case:
a¨ =
Λ
4piG
a > 0, (2.3.7)
H˙ = 0 =⇒ H2 = Λ
3
. (2.3.8)
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Hence, we have a de Sitter universe with an exponential law for the scale factor,
a ∝ et
√
Λ/3.
Although the de Sitter stage does not provide a graceful exit from the exponen-
tial stage into the standard Friedmann universe, it is still useful to understand
some basic properties of the mechanism of inflation. Let ti and tf be the time of
beginning and end of inflation. We can introduce then the number of e-foldings
N :
N ≡ ln
(
af
ai
)
(2.3.9)
In order to solve the horizon problem, assuming ρ ∼ m4p, we need to impose
that the scale factor at the end of inflation is at least 1030 times larger than its
value at the beginning of inflation:
af
ai
& 1030 =⇒ N & 70. (2.3.10)
Seventy e-foldings of inflation are then sufficient to solve the horizon problem.
Since during de Sitter inflation the Hubble rate is constant, we have
Ω− 1 = k
a2H2
∝ 1
a2
. (2.3.11)
We have seen that to obtain |Ω0−1| ∼ O(1) today at the beginning of radiation-
dominated phase it has to be |Ω− 1| ∼ 10−60. Since the beginning of radiation-
dominance corresponds in our picture to the end of inflation, we require
|Ω− 1|t=tf ∼ 10−60. (2.3.12)
During the inflationary stage
|Ω− 1|t=tf
|Ω− 1|t=ti
=
(
ai
af
)2
= e−2N . (2.3.13)
Assuming |Ω − 1|t=ti ∼ O(1), which is a rather general initial condition, it is
then enough to require that N ≈ 70 to solve the flatness problem.
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2.3.2 Scalar field inflation
As we mentioned, an exactly constant H does not provide a physical framework
for inflation. The easiest way to dynamically implement inflation is to consider
a real scalar field – the inflaton – with action
S = −
∫
d4x
√−g
[
1
2
gµν∂µφ∂νφ+ V (φ)
]
. (2.3.14)
The equation of motion, given by δS/δφ = 0 is
φ¨+ 3Hφ˙− ∇
2φ
a2
+
dV
dφ
= 0. (2.3.15)
We notice that a scalar field moving in a potential V (φ) suffers a friction 3Hφ˙
proportional to its velocity due to the cosmic expansion. We can write down
the energy-momentum tensor for the scalar field Tµν = −(2/√−g)δS/δgµν ,
obtaining
ρφ ≡ T00 = φ˙
2
2
+ V (φ) +
(∇φ)2
2a2
, (2.3.16)
pφ ≡ Tii
a2
=
φ˙2
2
− V (φ)− (∇φ)
2
6a2
. (2.3.17)
Assuming that the inflaton field is homogeneous, φ(x, t) ≡ φ(t), we have
ρφ =
φ˙2
2
+ V (φ), (2.3.18)
pφ =
φ˙2
2
− V (φ). (2.3.19)
The equations for the Hubble rate and its derivative are then
H2 =
ρφ
3m2p
, (2.3.20)
H˙ = −ρφ + pφ
2m2p
. (2.3.21)
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In order to obtain a nearly exponential acceleration, a ∼ eHt, we require the
Hubble rate to be almost constant, i.e. H˙ ' 0, which in turn implies pφ ' −ρφ.
Looking at eqs. (2.3.18),(2.3.19), we see that we can implement this condition
if the kinetic energy of the inflaton field is negligible compared to its potential
energy, φ˙2  V (φ).
In addition to solve the shortcomings, inflation provides a natural mechanism
that generates primordial inhomogeneities – which are the seeds for structure
formation – and allows to predict their spectra. This mechanism arises once
we consider the quantum fluctuations of the inflaton field around its classical
background, φ(t,x) = φ0(t) + δφ(t,x). The perturbations are organized into
three groups: scalar, vector and tensor. At linear order, they do not couple
and moreover inflation does not generate vector perturbations. The scalar and
tensor power spectra are predicted to obey a power law,
∆2S(k) ≡ As
(
k
k∗
)ns−1
, ∆2T (k) ≡ AT
(
k
k∗
)nT
. (2.3.22)
The quantities which are then confronted with observations are the scalar spec-
tral index ns, the tensor spectral index nT and the tensor-to-scalar ratio r,
defined as
ns − 1 ≡ d ln ∆
2
S
d ln k
, (2.3.23)
nT ≡ d ln ∆
2
T
d ln k
, (2.3.24)
r ≡ AT
As
. (2.3.25)
2.4 Dark energy
The stage of accelerated expansion in the late universe probed by supernovae
results can also be explained in terms of a cosmological constant, as shown in
Chapter 1. An alternative scenario is that the cosmological constant is vanishing
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and the acceleration is due to a new form of energy, precisely the dark energy.
This new component ρX of the energy density has negative pressure:
pX = wXρX , wX < 0. (2.4.1)
The equation of state parameter wX may not be constant and thus evolve with
time. In a spatially flat Universe, neglecting the contribution from radiation,
the Hubble rate and the deceleration parameter read
H2(z) = H20
[
Ωm,0(1 + z)
3 + ΩX,0(1 + z)
3(1+wX)
]
, (2.4.2)
q(z) =
H20
2H2(z)
[
Ωm,0(1 + z)
3 + ΩX,0(1 + 3wX)(1 + z)
3(1+wx)
]
, (2.4.3)
for constant wX , while
H2(z) = H20
[
Ωm,0(1 + z)
3 + ΩX,0 exp
{
3
∫ z
0
1 + wX(z
′)
1 + z′
dz′
}]
, (2.4.4)
q(z) =
H20
2H2(z)
[
Ωm,0(1 + z)
3 + ΩX,0(1 + 3wX(z))×
× exp
{
3
∫ z
0
1 + wX(z
′)
1 + z′
dz′
}]
, (2.4.5)
for varying wX . At present time
q0 =
Ωm,0
2
+ (1 + 3wX)
ΩX,0
2
, (2.4.6)
q0 =
Ωm,0
2
+ (1 + 3wX,0)
ΩX,0
2
. (2.4.7)
The observed acceleration in the expansion of the Universe requires therefore
that ΩX dominates and also wX < −1/3 or wX,0 < −1/3.
In addition to this, models of dark energy have to explain in some way the cosmic
coincidence problem: being that matter and dark energy evolve differently, why
should be they of the same order at present times?
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2.5 Quintessence
One key property that a dynamical dark energy shares with a cosmological
constant is that it does not substantially cluster, otherwise they would have
been detected as in the case of dark matter. This particular feature leads to the
choice of scalar fields as candidates for dynamically explain dark energy.
First of all, only a field of zero spin with non-vanishing vacuum expectation
value is compatible with Lorentz symmetry, otherwise Lorentz invariance would
be spontaneously broken. Moreover, scalar fields provide a diffuse background
by resisting gravitational attraction. The key quantity that measures how the
pressure of a fluid resists gravitational clustering is the speed of sound
c2s ≡
δp
δρ
∣∣∣∣
δφ
. (2.5.1)
In most of scalar field dark energy models we have c2s ∼ 1, which explains why
such scalar dark energy does not cluster.
A scalar field φ which has reached the minimum φ0 of its potential V (φ) is
equivalent to a cosmological constant in the form of vacuum energy: its kinetic
energy is vanishing and its potential energy is the constant V (φ0). A more
dynamical approach is to consider a scalar field which is still evolving in its
potential. This is what in literature takes the name of quintessence field. The
scalar potential is required to tend to zero as φ tends to infinity in order to
explain the extremely small observed value of the vacuum energy.
Chapter 3
Universality classes for
inflation
29
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3.1 β-function formalism for models of inflation
In order to understand the principles underlying the concept of universality
classes for quintessence models, we first recall the recent results of [10], where
universality classes were introduced for inflation models. Inflationary models are
discriminated by their inflaton potentials, which are built upon various princi-
ple of fundamental theories or phenomenological considerations. The Planck
mission [4] has been successful in constraining or even ruling out a large set of
models. However, this landscape is not healthy in order to correctly understand
what is going on in inflation: there are many models of inflation which differ for
the form of the scalar potential V (φ). The description in terms of the potential
might be redundant, due to the fact that the main features of inflation – near
scale invariance and power spectra – depend on only few details of the poten-
tials, and thus a degeneracy between models can occur, as for example in the
case of the R2 model [11] and Higgs inflation [12]. Hence it is more convenient
working with universality classes rather than with hundreds of potentials.
The proper framework for introducing universality classes for inflationary mod-
els is the Wilsonian picture of fixed points, scaling regions and critical exponents,
which in a cosmological picture respectively map to exact de Sitter solutions,
inflationary periods and scaling exponents of power spectra.
3.1.1 Cosmological evolution of a scalar field
The relevant equations for a classical homogeneous scalar field φ with potential
V (φ) in a flat FRW universe are
H2 ≡ a˙
2
a2
=
1
3m2p
ρφ, (3.1.1)
a˙2 + 2aa¨ = − 1
m2p
a2pφ, (3.1.2)
pφ =
1
2
φ˙2 − V (φ), (3.1.3)
ρφ =
1
2
φ˙2 + V (φ), (3.1.4)
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φ¨ = −3Hφ˙− dV
dφ
, (3.1.5)
The equation of motion (3.1.5) is equivalent to the continuity equation for the
energy density ρφ in the expanding universe:
ρ˙φ = −3H(pφ + ρφ). (3.1.6)
Following the Hamilton-Jacobi approach of Salopek and Bond [13], we assume
that the evolution of the scalar field is – at least – piecewise monotonic. Under
this assumption, we are allowed to invert the dependence φ(t) into t(φ). There-
fore, the Hubble parameter H may be regarded as a function of φ and we can
write
H =
a˙
a
≡ −1
2
W (φ). (3.1.7)
Taking the time derivative of this equation leads to (a¨/a)− (a˙/a)2 = −W,φφ˙/2,
while combining eqs. (3.1.1),(3.1.2) we obtain (a¨/a)−(a˙/a)2 = −(pφ+ρφ)/(2m2p) =
−φ˙2/(2m2p). We thus get
φ˙ = m2pW,φ. (3.1.8)
Using eqs. (3.1.4) and (3.1.1), we can express the potential as
2V =
3
2
m2pW
2 −m4pW 2,φ. (3.1.9)
This particular form leads to call (fake) superpotential the function W (φ), by
means of an analogous parametrization of the potential in the context of super-
symmetric quantum mechanics [14]. The energy density and the pressure can
be written in terms of W (φ) as
ρφ =
3m2p
4
W 2, (3.1.10)
pφ + ρφ = m
4
pW
2
,φ. (3.1.11)
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From eqs. (3.1.7) and (3.1.8), we can write
1
mp
dφ
d ln a
=
φ˙
mpH
= −2mpW,φ
W
(φ). (3.1.12)
This equation exhibits a strong similarity with the renormalization group equa-
tion governing the evolution of a renormalized coupling g in terms of the renor-
malization scale µ:
dg
d lnµ
= β(g). (3.1.13)
Working on eqs. (3.1.10),(3.1.11), the β-function in this case can be written as
β(φ) = −2mpW,φ
W
= ±
√
3
pφ + ρφ
ρφ
. (3.1.14)
Fixed point φ∗ satisfying β(φ∗) = 0 are also zeroes of W,φ, and in turn extrema
of V (φ), as it can be seen from (3.1.9). As mentioned before, these points
correspond to exact de Sitter solutions. An inflationary stage corresponds to
the slow motion of the field away (V,φφ < 0) or towards (V,φφ > 0) the fixed
point. The advantage of this formalism is that we do not need to postulate any
condition at all on the potential such as in the case of slow-roll inflation.
We notice from eq. (3.1.14) that, fixing the ratio (pφ + ρφ)/ρφ as a function of
ln a, or equivalently of the number of e-foldings
N = − ln
(
a
af
)
, (3.1.15)
af being the value of the scale factor at the end of inflation, we are able to solve
eq. (3.1.12).
3.1.2 The Universality classes
Using eq. (3.1.12), we can express the variation of the number of e-foldings as
dN = −d ln a = −mp d ln a
dφ
dφ
mp
= − 1
mp
dφ
β(φ)
, (3.1.16)
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from which
N = − 1
mp
∫ φ
φf
dφ′
β(φ′)
. (3.1.17)
It is now possible to classify the different inflation models, making use of the
correspondence between the cosmological parameters and the critical exponents
in Statistical Mechanics, according to the behavior of the β-function in the
proximity of the fixed point, where β(φ) 1: with this assumption, the tensor-
to-scalar ratio r, the scalar and tensor spectral indexes ns and nt and their
running are given, at the lowest order, by
r = 8β2, (3.1.18)
ns − 1 = −
(
β2 + 2mpβ
′) , (3.1.19)
nt = −β2, (3.1.20)
αs ≡ dns
d ln k
= −2mpβ2β′ − 2m2pββ′′, (3.1.21)
dnt
d ln k
= −2mpβ2β′, (3.1.22)
The classes discussed in [10] are summarized in the following table:
Class Name β(φ) Fixed point
Ia(q) Monomial βq(κφ)q, q > 1 0
Ia(1) Linear β1(κφ) 0
Ib(p) Inverse Monomial −βˆp/(κφ), p > 1 ∞
Ib(1) Chaotic −βˆ1/(κφ) ∞
Ib(p) Fractional −βˆp/(κφ)p, 0 < p < 1 ∞
Ib(0) Power Law −βˆ0 ∞
II(γ) Exponential −β exp[−κφ] ∞
Table 3.1.1: Universality classes for models of inflation.
A detailed example: the chaotic class
As an example to show how the β-function formalism applies we can discuss
the class Ib(1), which corresponds to the widely-known chaotic inflation [16].
These models belong to what is usually called large field inflation: the fixed
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point of the β-function is reached at φ → +∞ and the leading term in the
expansion is given by
β(φ) ' − βˆ1
(κφ)
. (3.1.23)
The superpotential reads
W (φ) = W0(κφ)
βˆ1/2, (3.1.24)
with W0 constant. From W (φ), we easily obtain the potential:
V (φ) =
3W 20
4κ2
(
1− βˆ
2
1
6(κφ)2
)
(κφ)βˆ1 ∼ 3W
2
0
4κ2
(κφ)βˆ1 , (3.1.25)
which exhibits the typical form of the potential for chaotic inflation models.
The number of e-foldings is then
N =
(κφ)2
2βˆ1
− λ, λ ≡ (κφf)
2
2βˆ1
. (3.1.26)
If we assume that at the end of inflation the absolute value of the β-function is
of order of the unity1, then |β(φf)| ∼ 1 implies λ ∼ βˆ1/2 and therefore we can
express β as a function of N :
β(N) ∼ −
(
βˆ1
2(N + λ)
)1/2
. (3.1.27)
Hence, from eqs. (3.1.18),(3.1.19),(3.1.21) we have
ns − 1 ∼ − βˆ1
(κφ)2
(2 + βˆ1) ∼ −1 + βˆ1/2
N
, (3.1.28)
αs ∼ − βˆ
2
1
(κφ)4
(2βˆ1 + 4) ∼ −
(
1 +
βˆ1
2
)
1
N2
, (3.1.29)
r ∼ 8β2 ∼ 4βˆ1
N
. (3.1.30)
1It is possible to show that a¨ > 0 as long as β < 1.
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We notice that in this class the observable parameters ns, r depend on the
two parameters of the class, βˆ1, N , while αs = −(1 − ns)(1 − ns − r/8) is not
independent. In Figure 3.1.1 it is shown the typical region covered by this class
in the r vs. ns plot.
Figure 3.1.1: Models of the chaotic class Ib(1): values of βˆ1 are from bottom to top = 0.01,
0.05, 0.1, 1/3, 2/3, 1, 2, 3. Each horizontal segment corresponds to values of N ranging from
50 (left) to 60 (right).
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Chapter 4
Universality classes for
quintessence
37
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Since the quintessence models of dark energy involve a scalar field like inflation,
they can also be described within the formalism of the universality classes. The
aim of this chapter is then to extend the β-function formalism introduced in
chapter 3 to models of quintessence, which represents the original part of this
work.
As quintessence models refer to the present acceleration of the Universe, we need
to split the treatment in two parts, since there is also a phase in which other
cosmological fluids are present and their contribution can not be neglected.
We start considering the quintessence-dominated era, in which Ωφ ∼ 1, and
identify the universality classes which are compatible with the constraints.
Then, we go back to the transition phase where we consider, together with the
quintessence field, a second fluid which represents pressureless matter. We ex-
press all the relevant observables in terms of typical quantities of the β-function
formalism and then, using the identified universality classes, we plot their evo-
lution and compare it with the established facts.
4.1 General requirements
In order to describe quintessence within the universality classes framework, we
recall the equations12
N(φ) =
∫ φ
φ0
dφ′
β(φ′)
, (4.1.1)
W (φ) = W0 exp
{
−1
2
∫ φ
φ0
dφ′ β(φ′)
}
, (4.1.2)
V (φ) =
3
4
W 2(φ)− 1
2
W 2,φ(φ) =
3
4
W 2(φ)
(
1− β
2(φ)
6
)
, (4.1.3)
ρφ =
3
4
W 2, (4.1.4)
pφ + ρφ = W
2
,φ, (4.1.5)
1Notice that eq. (4.1.1) differs from (3.1.17) by a minus sign. This is due to the fact that in
inflation N is computed starting from φf and going back in time. In the case of quintessence,
it is the opposite: we compute N starting from φ0 and going forward in time.
2From now on, we set κ = 1/mp = 1.
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which are valid when the contributions from other fluids (matter, radiation, · · · )
are negligible3. Denoting by φF the fixed point of the β-function, to reproduce
a nearly-exponential expansion we must then satisfy the constraint:
pφ + ρφ
ρφ
=
4
3
W 2,φ
W 2
=
β2
3
→ 0. (4.1.6)
as φ approaches φF . As quintessence is essentially a dynamical dark energy, we
also need to impose ρφ → 0 for φ → φF in order to explain the small observed
value of the vacuum energy density4. Combining eqs. (4.1.2),(4.1.4), we see
that this requirement translates to
lim
φ→φF
ρφ → 0 ⇐⇒
∫ φF
φ0
β(φ)dφ = +∞. (4.1.7)
Finally, compatibly with the fact that the vacuum energy will ultimately dom-
inate in the future, we need to impose that the the number of e-foldings N
diverges at the fixed point, i.e.
∫ φF
φ0
dφ
β(φ)
= +∞. (4.1.8)
As eq. (4.1.6) imposes β → 0 when we are approaching the fixed point and eq.
(4.1.7) requires its integral to be infinite, we can conclude that the fixed point
has to be reached for |φ| → +∞. We will assume for simplicity that the fixed
point is located at φ→ +∞; then, the three constraints can be simultaneously
satisfied by any function respecting
lim
φ→+∞
1
φ
≤ lim
φ→+∞
β(φ) = 0. (4.1.9)
Let us consider some example.
• Inverse linear class β(φ) = β1/φ. In this case, from (4.2.14) we get the
3In this limit there is only the quintessence field in the Universe, so the description will be
exactly the same as for inflation. This limit will be referred as the asymptotic limit.
4This does not represent a problem as long as ρm ∝ a−3, ρr ∝ a−4 decreases faster than
the quintessence energy density.
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expression for V :
V (φ) =
3
4
W 20
(
φ0
φ
)β1 (
1− β
2
1
6φ2
)
' 3
4
W 20
(
φ0
φ
)β1
+O
(
φ−(β1+2)
)
.
(4.1.10)
We see that, introducing the mass scale M = (3W 20 φ
β1
0 )
1/(4+β1), the
asymptotic expression of the potential can be cast in the form
V (φ) 'M4+β1φ−β1 , (4.1.11)
which corresponds to the Ratra-Peebles "tracking" potentials discussed
in [19–21].
• Fractional class β(φ) = βα/φα, 0 < α < 1. In this case, the potential
reads
V (φ) =
3
4
W 20 exp
{
− βα
1− α (φ
1−α − φ1−α0 )
}(
1− β
2
α
6φ2α
)
. (4.1.12)
• Logarithmic class β(φ) = β0/(φ log φ). In this case, the potential is
given by
V (φ) =
3
4
W 20
(
log φ0
log φ
)β0 (
1− β
2
0
6φ2 log2 φ
)
. (4.1.13)
• Asymptotic power-law class β(φ) = γ + f(φ), f(φ → +∞) → 0. In
order to be consistent with the constraint (4.1.7), we must set γ  1. We
stress that a strictly constant β-function is forbidden, since going back in
time there is no exit from the phase of exponentially accelerated expansion.
The asymptotic expression of the potential is
V (φ) ' V0e−γφ. (4.1.14)
This family of exponential potentials has been discussed in [22–27]. An-
other point worth to stress out is that this particular form of the β-function
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allows us to relax the constraints on the shape of f(φ), since the presence
of the small constant term makes both the integrals (4.1.7),(4.1.8) diver-
gent. We can still choose f(φ) to be one of the functions seen above: in
such case, using the same mechanism described in [10], it is possible to
interpolate between the asymptotic power-law class and the other chosen
class. It is also interesting to choose a new form of f(φ), for example
f(φ) = e−δφ, δ > 0, so that the potential reads
V (φ) =
3
4
W 20 exp
{
−γ(φ− φ0)− e
−δφ − e−δφ0
δ
}(
1− (γ + e
−δφ)2
6
)
.
(4.1.15)
Class Name β(φ)
Ib(1) Inverse linear β1/φ
Ib(α) Fractional βα/φα, 0 < α < 1
II(0) Inverse logarithmic β0/(φ log φ)
III(γ, f) Asymptotic power-law γ + f(φ), γ  1, f(φ→ +∞)→ 0
Table 4.1.1: Summary of universality classes.
4.2 Transition phase
After these considerations on the asymptotic limit, we can turn our attention
to the transition phase, in which the contribution of the other cosmological
components must be taken into account. Being Ωm ' 0.3175,ΩΛ ' 0.6825,Ωr ∼
10−5 [4], it is safe to neglect the contribution of ultra-relativistic fluid and
consider the Universe in this phase to contain the quintessence field φ and a
second fluid which describes the matter content5. The total action of the system
is then
S =
∫
d4x
√−g
[
m2p
R
2
− 1
2
gµν∂µφ∂νφ− V (φ)
]
+ Sm. (4.2.1)
5Note that Ωm = Ωb + Ωc, where Ωb refers to ordinary baryonic matter and Ωc represents
cold dark matter.
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The usual definitions of energy density and pressure for the scalar field continue
to hold,
ρφ =
φ˙2
2
+ V (φ), (4.2.2)
pφ =
φ˙2
2
− V (φ), , (4.2.3)
while the matter-fluid is assumed to be dust-like, with energy density ρm and
vanishing pressure pm = 0. Assuming a flat Friedmann-Robertson-Walker uni-
verse in this case too, the Friedmann equation now reads:
H2 ≡
(
a˙
a
)2
=
1
3
(ρφ + ρm). (4.2.4)
This equation must be supplied with the continuity equations for the energy
densities of the two components. If the two fluids are not coupled, their energy-
momentum tensors are separately conserved, hence the continuity equations are
given by
ρ˙φ = −3H(pφ + ρφ), (4.2.5)
ρ˙m = −3Hρm. (4.2.6)
Following once again the same steps as in Chapter 3, we take the time derivative
of eq. (4.2.4) and use eqs. (4.2.5),(4.2.6) to obtain
2HH˙ =
1
3
(ρ˙φ + ρ˙m) = −H(pφ + ρφ + ρm) = −3H3 −Hpφ, (4.2.7)
from which it follows, using eq. (4.2.3),
2H˙ + 3H2 = −pφ = − φ˙
2
2
+ V (φ). (4.2.8)
Now we invert as in the previous case the dependence φ(t) into t(φ) under
the same assumptions and introduce the superpotential W (φ). We have H =
4.2. TRANSITION PHASE 43
−W (φ)/2, W˙ = W,φφ˙, so that the previous equation becomes
−W,φφ˙+ 3
4
W 2 = −1
2
φ˙2 + V (φ). (4.2.9)
This equation can be algebraically solved for φ˙, yielding
φ˙ = W,φ ±
√
W 2,φ + 2V −
3
4
W 2. (4.2.10)
The choice of the sign in this equation is – at least for the moment – not
relevant: in fact, in the limit ρm → 0, in which we expect to recover the results
of the asymptotic limit, the square root identically vanishes and indeed we find
φ˙ = W,φ. We use now eqs. (4.2.2) and (4.2.10) to get an equation for V :
V = ρφ− 1
2
φ˙2 = 3H2−ρm− φ˙
2
2
=
3
4
W 2−
(W,φ ±
√
W 2,φ + 2V − 3W 2/2)2
2
−ρm,
(4.2.11)
with solution
V =
1
4
(
3W 2 −W 2,φ − 2ρm ±
√
W 4,φ − 4ρmW 2φ
)
. (4.2.12)
At this point we do have to make a choice of sign. In fact, in the limit ρm → 0
we get:
V (φ)→ 3W
2 −W 2,φ ±W 2,φ
4
=

3
4
W 2, (+)
3
4
W 2 − 1
2
W 2,φ. (−)
(4.2.13)
We see that we reproduce the result of the asymptotic limit only if we choose
the minus sign in the expression of the potential. This solves the degeneracy in
the expression of φ˙ as well. Therefore, the correct expressions will be
V (φ) =
1
4
(
3W 2 −W 2,φ − 2ρm −
√
W 4,φ − 4ρmW 2,φ
)
, (4.2.14)
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φ˙ = W,φ −
√
W 2,φ + 2V −
3
4
W 2. (4.2.15)
It is important to stress at this point that V (φ) is not exactly the scalar po-
tential of the quintessence field, because it also includes the induced effects of
the matter energy density ρm, similarly to what happens in chameleon cosmol-
ogy [28,29]. For this reason, we will refer to it from now on as effective potential
Veff .
We then proceed to compute the β-function:
β(φ) ≡ φ˙
H
= −2W,φ
W
1− 1√
2
√√√√1− 2 ρm
W 2,φ
−
√
1− 4 ρm
W 2,φ
 . (4.2.16)
We notice that, for ρm → 0, we still recover the result of the asymptotic limit
β(φ) = −2W,φ/W . Now, we need to parameterize the energy densities ρm, ρφ.
This is easily done by turning the time derivatives in eqs. (4.2.5),(4.2.6) into
φ-derivatives:
ρ˙φ = ρφ,φφ˙ = −3H(1 + wφ)ρφ =⇒ ρφ,φ
ρφ
= −3(1 + wφ)
β(φ)
, (4.2.17)
and
ρ˙m = ρm,φφ˙ = −3Hρm =⇒ ρm,φ
ρm
= − 3
β(φ)
, (4.2.18)
where we have introduced the parameter of state wφ for the quintessence com-
ponent, given by pφ = wφρφ. Integrating we obtain
ρφ(φ) = ρφ,0 exp
{
−3
∫ φ
φ0
1 + wφ
β(φ′)
dφ′
}
, (4.2.19)
ρm(φ) = ρm,0 exp
{
−3
∫ φ
φ0
dφ′
β(φ′)
}
, (4.2.20)
where φ0 is the value of the field at present day. The cosmological parameters
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are then obtained as
Ωm(φ) =
4
3
ρm(φ)
W 2(φ)
, (4.2.21)
Ωφ(φ) =
4
3
ρφ(φ)
W 2(φ)
. (4.2.22)
4.3 Relation between the β-function and the su-
perpotential
The next step is to determine how the superpotential is related to the β-function
and the matter energy density ρm. In order to do this, we get rid of the square
roots in eq. (4.2.16) by isolating them and squaring, yielding to
4
W 4,φ
W 4
(
1− 4ρm
W 2,φ
)
=
[
2
W 2,φ
W 2
− 4ρm
W 2
−
(
β(φ) + 2
W,φ
W
)2]2
. (4.3.1)
Solving for W,φ, we get three solutions:
W,φ = −2ρm
βW
− 1
2
βW, (4.3.2)
W,φ = −1
8
(
3βW ±
√
β2W 2 − 32ρm
)
, for 32ρm < β2W 2. (4.3.3)
However, only one of these solutions is a solution of the original equation6. By
direct substitution, it is possible to show that only eq. (4.3.2) solves (4.2.16).
If we define X(φ) ≡W 2(φ)/2, eq. (4.3.2) can be rewritten as
βX,φ = −β2X − 2ρm, (4.3.4)
which has general solution
X(φ) = exp
(
−
∫ φ
φ0
β(φ′) dφ′
){
X0 − 2ρm,0
∫ φ
φ0
dφ′
β(φ′)
×
6In fact we obtained two extra solutions due to having taken the square of both sides.
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× exp
[∫ φ′
φ0
dφ′′
(
β(φ′′)− 3
β(φ′′)
)]}
. (4.3.5)
Using eq. (4.3.2) or equivalently eq. (4.3.4), we are now also in the position to
prove that the square roots appearing in the expression of φ˙ (4.2.10) and Veff(φ)
(4.2.14) are both always real. Starting with the effective potential, the square
root in (4.2.14) is real if
W,φ − 4ρm ≥ 0. (4.3.6)
Using X,φ = WW,φ, from which W,φ = X,φ/W,W 2,φ = X
2
,φ/(2X), we have
X2,φ − 8ρmX ≥ 0. (4.3.7)
Now we use eq. (4.3.4), obtaining
(
−β
2X + 2ρm
β
)2
− 8ρmX ≥ 0. (4.3.8)
Expanding the square and simplifying, we obtain
β2X2 − 4ρmX + 4ρ
2
m
β2
=
(
βX − 2ρm
β
)2
≥ 0 (4.3.9)
which is obviously always verified. By means of eq. (4.3.4), it is possible to
express the effective potential in a way similar as in the inflationary case:
Veff(φ) =
3
4
W 2(φ)
(
1− β
2(φ)
6
)
− ρm(φ) = 3
2
X(φ)
(
1− β
2(φ)
6
)
− ρm(φ).
(4.3.10)
Now, the square root in the expression of φ˙ is real if
W 2,φ + 2Veff −
3
2
W 2 ≥ 0. (4.3.11)
Using now the expressions for W,φ and Veff , we obtain
4ρ2m
β2W 2
≥ 0, (4.3.12)
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which is always satisfied as well.
One of the key quantities when dealing with quintessence models is the equation-
of-state parameter wφ = pφ/ρφ. In order to obtain an expression for wφ in terms
of typical quantities of the formalism, we start from the expression for the square
of the β-function:
β2 =
φ˙2
H2
=
pφ + ρφ
H2
=
ρφ
H2
(1 + wφ). (4.3.13)
From eq. (4.2.4), we obtain ρφ = 3H2 − ρm, which yields to
1 + wφ =
H2
3H2 − ρm β
2 =
β2X
3X − 2ρm . (4.3.14)
However, in literature it is commonly plotted the deviation 1 + wφ against the
redshift z. The redshift is defined as
1 + z =
a0
a
, (4.3.15)
with 
a a0 =⇒ z → +∞ (early times),
a a0 =⇒ z → −1 (late times).
(4.3.16)
Taking the logarithm of both sides of eq. (4.3.15) and differentiating we find
d ln a = −d ln(1 + z) = − dz
1 + z
. (4.3.17)
Inserting this expression into the definition of the β-function, we obtain
β ≡ dφ
d ln a
=
dφ
dz
dz
d ln a
= −(1 + z)dφ
dz
, (4.3.18)
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from which it follows
−
∫ φ
φ0
dφ′
β(φ′)
=
∫ z
0
dζ
1 + ζ
= ln(1 + z). (4.3.19)
We remark the correspondence7
φ < φ0 ⇐⇒ z > 0,
φ > φ0 ⇐⇒ −1 < z < 0. (4.3.20)
Eq. (4.3.19) gives us the dependence φ ≡ φ(z). Now, eq. (4.3.14) reads
1 + wφ =
β˜2(z)X˜(z)
3X˜(z)− ρ˜m,0(1 + z)3
, (4.3.21)
where we have denoted β˜(z) ≡ β(φ(z)), X˜(z) ≡ X(φ(z)) and use the known fact
ρm(z) ∝ a−3 = (1 + z)3. The function X˜(z) can be obtained either by directly
expliciting the dipendence on z or by solving eq. (4.3.4) written in terms of z:
(1 + z)X˜ ′(z)− β˜2(z)X˜(z)− 2ρm,0(1 + z)3 = 0. (4.3.22)
The last unknown parameter is φ0, i.e. the initial condition for eq. (4.3.4). We
choose φ0 to be the value of the quintessence field today and impose, using the
present values w,φ|today ' −0.98 and Ωm,0 ' 0.3175 [4],
X(φ0) = 2H
2
0 , H0 ' 1.18× 10−61 (in Planck units),
ρm,0 = 3H
2
0 Ωm,0 ' 0.9525H20 ,
1 + wφ|φ0 =
β2(φ0)X(φ0)
3X(φ0)− 2ρm,0 =
β2(φ0)
3(1− Ωm,0) ' 0.02, (4.3.23)
from which
β2(φ0) = 0.04095. (4.3.24)
7Using that today φ = φ0 and from the definition of the redshift z0 = 0.
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4.4 The Universality Classes
At this point, specifying the β-function we are able to solve eq. (4.3.4) and hence
obtain the form of the superpotential. Then, we can proceed to compute the
various relevant quantities and put some constraint on the free parameters. In
order to be consistent with the history of the universe and with the asymptotic
limit, we expect that the effective potential Veff(φ) tends to the true quintessence
potential V (φ) as φ → ∞, when ρm → 0. The potential V (φ) has to reach a
global minimum V∞ at φ→∞, since the fixed point is also an extremum of the
potential:
0 = β(φF ) = −2 W,φ
W
∣∣∣∣
φ=φF
=⇒ W,φ(φF ) = 0, (4.4.1)
from eq. (4.2.14) then it follows
V,φ(φF ) =
(
3
2
W (φF )−W,φφ(φF )
)
W,φ(φF ) = 0. (4.4.2)
Since the value of the minimum V∞ represents the value of the vacuum energy
density, we require that V∞ ≈ 0, in concordance to the observed value of the
cosmological constant energy density. In addition to this, we expect that Ωφ →
1,Ωm → 0 as φ → +∞, while going backwards in the past, i.e. φ < φ0, there
is a matter-dominated phase, where Ωφ  Ωm ' 1, which has to be reached
– always moving backwards in φ – before the value of the field φNP for which
the perturbative approach is broken, i.e. β(φNP) ' 1. Finally, as a scalar
field settled into the minimum of its potential is equivalent to a cosmological
constant, we expect also that wφ → −1 as φ→∞.
For each class (except the asymptotic-power law class), we plotted the shape
of the effective potential Veff(φ) obtained via eq. (4.3.10), the evolution of the
cosmological parameters Ωm = 2ρm(φ)/3X(φ),Ωφ = 2ρφ(φ)/3X(φ) as well as
the deviation from −1 of the quintessence equation of state parameter, namely
1+wφ, versus the redshift z. We report here only one value of the free parameter
per class, the other choices are shown in Appendix A. We also remind that the
50 CHAPTER 4. UNIVERSALITY CLASSES FOR QUINTESSENCE
graphics can not be trusted for values of the field smaller than φNP.
4.4.1 Inverse linear class Ib(1)
For this class, the expansion of the β-function near the fixed point is given by
β(φ) ' β1/φ. The values of φ0 and φNP are given in terms of the free parameter
β1 respectively by
φ0 =
β1√
0.04095
, (4.4.3)
φNP = β1. (4.4.4)
The solution of eq. (4.3.4) is given by
X(φ) =
(
φ0
φ
)β1 {
X0 − 2ρm,0
β1φ
β1
0
∫ φ
φ0
dφ′ (φ′)β1+1 exp
(
−3(φ
′)2 − φ20
2β1
)}
.
(4.4.5)
For β1 = 1, the effective potential has the following form
ϕ0ϕNP 50 ϕ10 -125
10 -120
10 -115
10 -110
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β1 /ϕ, β1=1
We see that the effective potential shows a transition right before φ0, which
corresponds to the matter-quintessence equality. It decreases as φ grows to an
extremely small value as we expected.
The cosmological parameters for β1 = 1 are given by
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ϕ 0ϕNP 8 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β1 / ϕ , β1 =1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
In this case, we correctly have a matter dominated era for φNP . φ . φ0, then
the matter-quintessence transition and last the quintessence-dominated era.
Finally, we report the deviation 1 + wφ versus the redshift z:
2 4 6 8 10
z
0.2
0.4
0.6
0.8
1+wϕ β(ϕ)=β1/ϕ, β1=1
We have wφ → −1 as z → −1, in concordance with the fact that a scalar field
settled to the minimum of its potential is equivalent to a cosmological constant.
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4.4.2 Fractional class Ib(α)
For this class, the expansion of the β-function near the fixed point is β(φ) '
βα/φ
α with 0 < α < 1. The solution of eq. (4.3.4) has the implicit form
X(φ) = exp
(
−βαφ
−α+1 − φ−α+10
1− α
){
X0 − 2ρm,0
βα
∫ φ
φ0
dφ′(φ′)α×
× exp
[
βα
(φ′)−α+1 − φ−α+10
1− α −
3
βα(α+ 1)
(
(φ′)α+1 − φα+10
)]}
.
(4.4.6)
The values of φ0 and φNP are expressed in terms of α and βα as
φ0 =
(
βα√
0.041
)1/α
, φNP ∼ β1/αα . (4.4.7)
We chose three values of the parameter α to plot: α = 0.25, 0.5, 0.75. For each
subclass, we report here the plots for βα = 1.
α = 0.25
For α = 0.25, βα = 1, the shape of the effective potential is
ϕ0 1000 ϕ10 -230
10 -30
1 ×10 170
1 ×10 370
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕα, α=0.25 , βα=1
The effective potential starts from extremely large values: however, this does
not represent a problem since in the corresponding region we have β(φ) ∼ 1
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and therefore the perturbative approach can no longer be trust. We notice that
the matter-quintessence transition is neater compared to the one we had in the
Ib(1) class. As φ → ∞, the effective potential decreases to a small constant
also in this case.
The evolution of the cosmological parameters for this subclass is the following:
ϕ0ϕNP 700 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕα, α=0.25, βα=1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
We have the correct behavior for Ωm and Ωφ: matter-dominated era, matter-
quintessence equality and then quintessence-dominated era.
Finally, for the deviation we have
2 4 6 8 10
z
0.00014
0.00016
0.00018
0.00020
0.00022
0.00024
0.00026
0.00028
1+wϕ β(ϕ)=βα/ϕα, α=0.25, βα=1
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In this case, the deviation is always very small and it further decreases as z →
−1.
α = 0.5
For this subclass, the effective potential has the following behavior:
ϕ0ϕNP 50 ϕ10 -140
10 -120
10 -100
10 -80
10 -60
10 -40
10 -20
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.5 , βα=1
The effective potential appears smoother for φ < φ0 compared to the case
α = 0.25, while for φ > φ0 it has a similar behavior and it tends to smaller
values as φ→∞.
The cosmological parameters are given by
ϕ0ϕNP 50 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.5, βα=1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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Once again, the cosmological parameters exhibit the behavior we expected.
Finally, we show the deviation 1 + wφ versus the redshift:
2 4 6 8 10
z
0.00014
0.00016
0.00018
0.00020
0.00022
0.00024
0.00026
0.00028
1+wϕ β(ϕ)=βα/ϕα, α=0.5, βα=1
As in the case α = 0.25, the deviation starts from very small values and decreases
as z → −1.
α = 0.75
For α = 0.75, the effective potential reads
ϕ0ϕNP 20 ϕ10 -127
10 -117
10 -107
10 -97
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.75 , βα=1
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The shape of the effective potential looks very similar to the one we had for the
Ib(1) class as we could expect since the respective β-functions are quite similar.
The evolution of the cosmological parameters is the following
ϕ0ϕNP 20 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.75, βα=1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
Like the previous cases, in this subclass we correctly have a matter-dominated
era followed by a quintessence dominated era. The matter-dominated era is
reached well before the value φNP.
Last, the deviation 1 + wφ has the following behavior
2 4 6 8 10
z
0.010
0.015
0.020
0.025
0.030
1+wϕ β(ϕ)=βα/ϕα, α=0.75, βα=1
Unlike the cases α = 0.25, α = 0.5, the deviation reaches values which are one
order of magnitude larger and it drastically drops down to zero as z → −1.
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4.4.3 Inverse logarithmic class II(0)
The expansion of the β-function for this class reads β(φ) ' β0/(φ log φ), while
the solution for X(φ) is given by
X(φ) =
(
log φ
log φ0
)−β0 {
X0 − 2ρm,0
β0(log φ0)β0
exp
[
3
4β0
φ20(log φ
2
0 − 1)
]
×
×
∫ φ
φ0
dφ′ φ′(log φ′)β0+1 exp
[
3
4β0
(φ′)2(log(φ′)2 − 1)
]}
. (4.4.8)
The values of φ0 and φNP are implicitly given by
φ0 log φ0 =
β0√
0.041
, φNP log φNP = β0. (4.4.9)
For β0 = 1, the effective potential has the following form:
ϕ0ϕNP 10 ϕ10
-122
10 -121
10 -120
10 -119
10 -118
10 -117
10 -116
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=1
The effective potential exhibits the correct behavior, always decreasing to smaller
values as φ→∞. The matter-quintessence transition is much smoother in this
case compared to the other classes.
The cosmological parameters have the following behavior:
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ϕ0ϕNP 8 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β0/(ϕ logϕ), β0=1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
We see that the matter-dominated era is shorter in this case but nevertheless
present.
Finally, the deviation 1 + wφ has the following evolution:
2 4 6 8 10
z
0.2
0.4
0.6
0.8
1.0
1+wϕ β(ϕ)=β0/(ϕ*log(ϕ)), β0=1
It smoothly decreases from values O(1) at z ∼ 10 to zero as z → −1.
Chapter 5
Non-minimal coupling to
gravity
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5.1 Non-minimal coupling in inflation
Inflation can naturally solve cosmological problems such as the flatness, homo-
geneity and monopole problems, thereby avoiding a fine-tuning for the initial
conditions of the history of the Universe. In the last years, however, a lot of
effort has been devoted to the exploration of non standard inflationary models;
in particular, it has been considered a general class of inflationary models in
which a single inflaton field couples non-minimally to the background geometry,
described by the generalized Einstein-Hilbert action [31]:
S =
∫
d4x
√
g˜
[
m2p
2
f(φ)R˜− P (φ, X˜)
]
, (5.1.1)
where
X˜ ≡ 1
2
g˜µν∂µφ∂νφ, (5.1.2)
The function f(φ) of the scalar field φ coupled to the scalar curvature R˜ can
be arbitrary. Minimal coupling corresponds to the choice f(φ) = 1; however,
particular cases such as f(φ) = 1 + ξφ2, where ξ is a parameter, have been
considered in literature [32–45]. Generally speaking, non-minimal couplings
naturally arise from radiative corrections in the framework of QFT in curved
space-time [30]. In [12], it is also pointed out that a term ξRφ2 is required by the
renormalization properties of a scalar field in a curved space-time background.
In eq. (5.1.1), the arbitrary functional P (φ, X˜) can be expanded in a power
series of X:
P (φ, X˜) = V˜ (φ) +K(φ)X˜ + L(φ)X˜2 + · · · . (5.1.3)
In most of the standard cases, the expansion is truncated at the first order,
P (φ, X˜) ' V˜ (φ) +K(φ)X˜, so that the action reads
SJ =
∫
d4x
√
−g˜
[
m2p
2
f(φ)R˜− 1
2
K(φ)g˜µν∂µφ∂νφ− V˜ (φ)
]
. (5.1.4)
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The subscript J denotes the fact that we are working in the Jordan frame,
where the non-minimal coupling is explicit. We note that the action (5.1.4)
encompasses a wide range of well-known modified theories of gravity, such as
the f(φ) = 1 + ξφ2 theories mentioned above as well as the Brans-Dicke theory
[46–48] for f(φ) = φ,K(φ) = ω/φ.
By mean of the conformal transformation of the metric
g˜µν → gµν = f(φ)g˜µν , (5.1.5)
and the redefinition of the inflaton field
(
dϕ
dφ
)2
=
K(φ)
f(φ)
+
3
2
(
d ln f
dφ
)2
, (5.1.6)
we are able to write the action in the Einstein frame, where the coupling between
the inflaton field and gravity is minimal and the dynamics is specified by the
redefined potential V (ϕ) = V˜ (φ(ϕ))/f2(φ(ϕ)) (see Appendix B):
SE =
∫
d4x
√−g
[
m2p
2
R− 1
2
gµν∂µϕ∂νϕ− V (ϕ)
]
. (5.1.7)
5.2 β-function formalism with non-minimal cou-
pling
We now try to extend the formalism of the β-function for quintessence models
presented in chapter 4 to non-minimally coupled quintessence model. The intro-
duction of a non-minimal coupling in inflationary theories within the β-function
formalism has been already discussed in [51]. Our starting point is the following
Jordan frame action:
SJ = Sg + Sφ + Sm
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=
∫
d4x
√
−g˜
[
f(φ)
R˜
2
− 1
2
g˜µν∂µφ∂νφ− V˜J(φ)− 1
2
g˜µν∂µψ∂νψ − U(ψ)
]
,
(5.2.1)
where ψ is a matter field, assumed to be scalar but sub-dominant in terms of the
expansion. Through the usual conformal transformation of the metric (5.1.5)
and field redefinition (5.1.6), we switch to the Einstein frame:
SE =
∫
d4x
√−g
[
R
2
− 1
2
gµν∂µϕ∂νϕ− V (ϕ)− g
µν∂µψ∂νψ
2h(ϕ)
− U(ψ)
h2(ϕ)
]
,
(5.2.2)
in which
V (ϕ) = VE(φ(ϕ)) =
VJ(φ(ϕ))
f2(φ(ϕ))
, h(ϕ) ≡ f(φ(ϕ)). (5.2.3)
Assuming the Einstein frame metric to be a flat Friedmann-Robertson-Walker
metric,
ds2E = −dt2 + a2(t)dx2, (5.2.4)
and that both the fields φ, ψ are homogeneous, the Friedmann equation, the
energy densities and pressures associated with the fields and their equations of
motion are respectively given by
H2 =
ρϕ + ρm
3
, (5.2.5)
ρϕ =
ϕ˙2
2
+ V (ϕ), (5.2.6)
pϕ =
ϕ˙2
2
− V (ϕ), (5.2.7)
ρm =
ψ˙2
2h(ϕ)
+
U(ψ)
h2(ϕ)
, (5.2.8)
pm =
ψ˙2
2h(ϕ)
− U(ψ)
h2(ϕ)
, (5.2.9)
ϕ¨ = −3Hϕ˙− dV
dϕ
− h
′(ϕ)
2h2(ϕ)
ψ˙2 +
2h′(ϕ)
h3(ϕ)
U(ψ), (5.2.10)
ψ¨ = −3Hψ˙ + h
′(ϕ)
h(ϕ)
ϕ˙ψ˙ − 1
h(ϕ)
dU
dψ
. (5.2.11)
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As we can see from eqs. (5.2.10),(5.2.11) the two fluids are now coupled; thus,
the single energy-momentum tensors are not separately conserved. In order to
get the continuity equations for the energy densities, we take the time deriva-
tive of eqs. (5.2.6),(5.2.8) and make use of the equations of motions. For the
quintessence field, we get:
ρ˙ϕ = ϕ˙
(
ϕ¨+
dV
dϕ
)
= ϕ˙
(
−3Hϕ˙− dV
dϕ
− h
′(ϕ)
2h2(ϕ)
ψ˙2 +
2h′(ϕ)
h3(ϕ)
U(ψ) +
dV
dϕ
)
= −3Hϕ˙2 − h
′(ϕ)ϕ˙
2h(ϕ)
ψ˙2
h(ϕ)
+
h′(ϕ)ϕ˙
h(ϕ)
2U(ψ)
h2(ϕ)
= −3H(pϕ + ρϕ)− h˙
2h
(pm + ρm) +
h˙
h
(ρm − pm)
= −3H(pϕ + ρϕ) + 1
2
d lnh
dt
ρm − 3
2
d lnh
dt
pm.
(5.2.12)
While for the matter field:
ρ˙m =
ψ˙ψ¨
h(ϕ)
− ψ˙
2
2h2(ϕ)
h′(ϕ)ϕ˙+
1
h2(ϕ)
dU
dψ
ψ˙ − 2U(ψ)
h3(ϕ)
h′(ϕ)ϕ˙
=
ψ˙
h(ϕ)
(
ψ¨ +
1
h(ϕ)
dU
dψ
)
− h
′(ϕ)ϕ˙
2h2(ϕ)
ψ˙2 − h
′(ϕ)ϕ˙
h(ϕ)
2U(ψ)
h2(ϕ)
= −3H ψ˙
2
h(ϕ)
+
h′(ϕ)ϕ˙
h(ϕ)
ψ˙2
h(ϕ)
− h
′(ϕ)ϕ˙
2h(ϕ)
ψ˙2
h(ϕ)
− h
′(ϕ)ϕ˙
h(ϕ)
2U(ψ)
h2(ϕ)
= −3H ψ˙
2
h(ϕ)
+
1
2
d lnh
dt
ψ˙2
h(ϕ)
− d lnh
dt
2U(ψ)
h2(ϕ)
=
(
−3H + 1
2
d lnh
dt
)
(pm + ρm)− d lnh
dt
(ρm − pm)
= −3H(ρm + pm)− 1
2
d lnh
dt
ρm +
3
2
d lnh
dt
pm. (5.2.13)
As expected, we have ∇µT (tot)µν = 0, where T (tot)µν = T (ϕ)µν +T (m)µν . Assuming once
again that the matter fluid is dust-like, we set pm = 0 so that the continuity
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equations read
ρ˙ϕ = −3H(pϕ + ρϕ) + 1
2
d lnh
dt
ρm, (5.2.14)
ρ˙m = −
(
3H +
1
2
d lnh
dt
)
ρm.. (5.2.15)
Following the steps of chapter 4, we derive eq. (5.2.5) and use both eqs.
(5.2.14),(5.2.15):
2HH˙ =
1
3
[
−3Hρm − 1
2
d lnh
dt
ρm − 3H(ρϕ + pϕ) + 1
2
d lnh
dt
ρm
]
,
= −H(ρm + ρϕ + pϕ), (5.2.16)
from which
2H˙ + 3H2 = −pϕ = − ϕ˙
2
2
+ V (ϕ). (5.2.17)
The contribution from the coupling factor cancels out and therefore this equa-
tion is exactly equal as in the minimal case. Therefore, after introducing the
superpotential W (ϕ), the expressions for ϕ˙, Veff(ϕ) and β(ϕ) are the same:
ϕ˙ = W,ϕ −
√
W 2,ϕ + 2Veff −
3
2
W 2, (5.2.18)
Veff(ϕ) =
1
4
(
3W 2 −W 2,ϕ − 2ρm −
√
W 2,ϕ − 4ρmW 2,ϕ
)
, (5.2.19)
β(ϕ) = −2W,ϕ
W
[
1− 1√
2
√
1− 2 ρm
W 2,ϕ
−
√
1− 4 ρm
W 2,ϕ
]
. (5.2.20)
The difference with the non-minimal case relies in the dependence of ρm on ϕ;
in fact,
dρm
ρm
= − 3
β(ϕ)
− 1
2
d lnh, (5.2.21)
from which
ρm(ϕ) = ρm,0
(
h0
h(ϕ)
)1/2
exp
{
−3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
}
. (5.2.22)
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From eq. (5.2.20), we obtain the same differential equation for W (ϕ):
W,ϕ = −2ρm
βW
− 1
2
βW ⇐⇒ βX,ϕ = −β2X − 2ρm, (5.2.23)
with X(ϕ) ≡W 2(ϕ)/2. The equation-of-state parameter wϕ of the quintessence
field is now given by
1 + wϕ =
β2(ϕ)X(ϕ)
3X(ϕ)− 2ρm,0
(
h0
h(ϕ)
)1/2
exp
(
−3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
) , (5.2.24)
while the initial conditions at ϕ0 = ϕtoday remain unchanged:
X(ϕ0) = 2H
2
0 ,
ρm,0 ' 0.9525H20
β2(ϕ0) = 0.051. (5.2.25)
It is worth to notice that it is possible to recover the results obtained by Esposito-
Farese and Polarski in [50]. If after the conformal transformation (5.1.5) the
metric in the Einstein frame is of Friedmann-Robertson-Walker type, then the
metric in the Jordan frame –which we did not specify because we made all our
considerations in the Einstein frame– should be of the form
ds2J = −f−1(φ)dt2 + f−1(φ)a2(t)dx2. (5.2.26)
The Einstein equations obtained by varying the action (5.1.4) with respect to
g˜µν read
f(φ)G˜µν = f(φ)
(
R˜µν − 1
2
R˜g˜µν
)
= T˜ (φ)µν + T˜
(m)
µν , (5.2.27)
where
T˜ (φ)µν = ∂µφ∂νφ− g˜µν
(
1
2
g˜αβ∂αφ∂βφ+ VJ(φ)
)
, (5.2.28)
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T˜ (m)µν = ∂µψ∂νψ − g˜µν
(
1
2
g˜αβ∂αφ∂βφ+ U(ψ)
)
. (5.2.29)
The components of the energy-momentum tensors are given by
T˜
(φ)
00 =
φ˙2
2
+
VJ(φ)
f(φ)
, T˜
(φ)
ij = a
2(t)δij
(
φ˙2
2
− VJ(φ)
f(φ)
)
, (5.2.30)
T˜
(m)
00 =
ψ˙2
2
+
U(ψ)
f(φ)
, T˜
(m)
ij = a
2(t)δij
(
ψ˙
2
− U(ψ)
f(φ)
)
. (5.2.31)
At this point, we introduce the new time coordinate τ and scale factor a¯(τ) such
that the line element will read
ds2J = −dτ2 + a¯(τ)dx2, (5.2.32)
which yields dτ ≡ f−1/2(φ)dt, a¯(τ) ≡ f−1/2(φ)a(t). Under this change of coor-
dinates,
T˜ (i)µν → T˜
′(i)
µν =
∂xα
∂x′µ
∂xβ
∂x′ν
T˜
(i)
αβ , (5.2.33)
hence,
T˜
′(i)
00 =
∂xα
∂τ
∂xβ
∂τ
T˜
(i)
αβ =
(
∂t
∂τ
)2
T˜
(i)
00 +
∂xi
∂τ
∂xj
∂τ
T˜
(i)
ij = f(φ)T˜
(i)
00 , (5.2.34)
T˜
′(i)
ij =
∂xα
∂xi
∂xβ
∂xj
T˜
(i)
αβ =
∂τ
∂xi
∂τ
∂xj
T˜
(i)
00 +
∂xk
∂xi
∂xl
∂xj
T˜
(i)
kl = δ
k
iδ
l
j T˜
(i)
kl = T˜
(i)
ij ,
(5.2.35)
where we used the fact that by definition ∂τ/∂xi = 0, ∂xi/∂τ = 0. Finally, we
obtain
T˜
′(φ)
00 = f(φ)
(
φ˙2
2
+
VJ(φ)
f(φ)
)
=
(φ′)2
2
+ VJ(φ), (5.2.36)
T˜
′(φ)
ij = a
2(t)δij
(
φ˙2
2
− VJ(φ)
f(φ)
)
= a¯2(τ)δij
(
(φ′)2
2
− VJ(φ)
)
, (5.2.37)
T˜
′(m)
00 =
(ψ′)2
2
+ U(ψ), (5.2.38)
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T˜
′(m)
ij = a¯
2(τ)δij
(
(ψ′)2
2
− U(ψ)
)
, (5.2.39)
in which we used y˙ = f−1/2y′. We see then that the energy-momentum ten-
sors for φ and ψ assume the perfect-fluid form in terms of τ, a¯(τ). Therefore,
restricting to the matter energy-momentum tensor, both T˜
′(m)
µν in the Jordan
frame and T (m)µν in the Einstein frame can be modeled as
T˜
′(m)
µν = (ρ˜m + p˜m)u˜µu˜ν + p˜mg˜µν , (5.2.40)
T (m)µν = (ρm + pm)uµuν + pmgµν , (5.2.41)
with ui = u˜i = 0. From the definition of Tµν , we can derive the relation between
the two tensors:
Tµν = − 2√−g
δSm
δgµν
= − 2
f2(φ)
√−g˜
δSm
δg˜αβ
δg˜αβ
δgµν
=
1
f2(φ)
T˜
′(m)
αβ f(φ)δ
α
µδ
β
ν ,
= f−1(φ)T
′(m)
µν . (5.2.42)
Then, from eqs. (5.2.40),(5.2.41) we obtain
(ρ˜m + p˜m)u˜µu˜ν + p˜mg˜µν = f(φ) [(ρm + pm)uµuν + pmgµν ] . (5.2.43)
Using the relation between the time coordinates t and τ , it is possible to show
that u0 = f1/2u˜0, so that
uµuν = f(φ)u˜µu˜ν , (5.2.44)
which inserted in eq. (5.2.43) leads to
(ρ˜m + p˜m)u˜µu˜ν + p˜mg˜µν = f
2(φ) [(ρm + pm)uµuν + pmgµν ] . (5.2.45)
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We have thus
ρm = f
−2(φ)ρ˜m, pm = f−2(φ)p˜m, (5.2.46)
or, introducing the function A(ϕ) ≡ f−1/2(φ(ϕ)),
ρm = A
4(ϕ)ρ˜m, pm = A
4(ϕ)pm, (5.2.47)
which are exactly equal to those derived in [50].
We now rewrite the conformal factor f(φ) in the following way:
f(φ) = 1 + ξω(φ), h(ϕ) = 1 + ξω(φ(ϕ)) ≡ 1 + ξω¯(ϕ), (5.2.48)
where ω(φ) is an arbitrary function. We have then
(
dϕ
dφ
)2
=
1 + ξω(φ) + 3ξ2ω2,φ(φ)/2
(1 + ξω(φ))2
. (5.2.49)
Strong coupling limit
As pointed out in [51], a particularly interesting case is the strong coupling limit
ξ  1, in which case (
dϕ
dφ
)2
=
3
2
(ω,φ
ω
)2
, (5.2.50)
so that we obtain
dϕ
dφ
= ±
√
3
2
ωφ
ω
=⇒ ω¯(ϕ) = ω¯0 exp
{
±
√
2
3
(ϕ− ϕ0)
}
. (5.2.51)
The sign of the exponential depends on whether the fixed point is reached for
ϕ → +∞ or ϕ → −∞. Assuming that the fixed point is reached for ϕ → +∞
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like in the previous chapter, we have
ω¯(ϕ) = ω¯0 exp
{
−
√
2
3
(ϕ− ϕ0)
}
. (5.2.52)
It is important to notice that the explicit form of ω¯(ϕ) does not depend on the
particular choice of ω(φ). We thus have in this limit
ρm(ϕ) = ρm,0 exp
{
ϕ− ϕ0√
6
− 3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
}
, (5.2.53)
X(ϕ) = 2 exp
{
−
∫ ϕ
ϕ0
β(ϕ′)dϕ′
}[
H20 − ρm,0
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
×
exp
{
ϕ′ − ϕ0√
6
+
∫ ϕ′
ϕ0
(
− 3
β(ϕ′′)
+ β(ϕ′′)
)
dϕ′′
}]
, (5.2.54)
1 + wϕ =
β2(ϕ)X(ϕ)
3X(ϕ)− 2ρm,0 exp
{
ϕ− ϕ0√
6
− 3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
} . (5.2.55)
5.3 Universality Classes
As in the case of minimally coupled quintessence, we now specify the form of the
β-function in the Einstein frame and see how the various quantities explicitly
behave in the strong coupling limit ξ  1. For each class, we show only the
results for the free parameter equal to 1. The plots for other values of the
parameters are reported in Appendix A.
5.3.1 Inverse linear class Ib(1)
In the non-minimally coupled case of class Ib(1), the effective potential has the
following shape:
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ϕ0ϕNP 10 ϕ1. ×10 -124
1. ×10 -120
1. ×10 -116
1. ×10 -112
1. ×10 -108
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β1 /ϕ, β1=1, non -minimal , ξ≫1
Although the values of ϕ0 and ϕNP are the same, we can see that the effective
potential decreases in a more rapid way respect to the minimally-coupled case.
The matter-quintessence transition is present also in this case.
The cosmological parameters have the following behavior: The cosmological pa-
ϕ0ϕNP 10 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β1/ϕ, β1=1, non-minimal, ξ≫1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
rameter Ωm is smaller than in the minimally-coupled case for ϕ < ϕ0, due to
the presence of the additional exponential factor. Nevertheless, we still have a
matter-dominated phase in the range ϕNP < ϕ < ϕ0.
Finally, the deviation 1+wϕ has the following evolution in terms of the redshift:
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-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕ β(φ)=β1 /φ, β1=1, non -minimal , ξ≫1
We see that 1+wϕ ' 0.25 at z ∼ 5 and it smoothly decreases to zero as z → −1.
5.3.2 Fractional class Ib(α), 0 < α < 1
As in the minimally-coupled case, we chose the same three values for the expo-
nent α.
α = 0.25
For α = 0.25, βα = 1, the effective potential has the following behavior:
ϕ0300 700 ϕ
10 -120
10 -20
1 ×10 80
1 ×10 180
1 ×10 280
1 ×10 380Veﬀ (ϕ)
Eﬀective potential for β(ϕ)=βα/ϕα, α=0.25 , βα=1, non -minimal , ξ≫1
72 CHAPTER 5. NON-MINIMAL COUPLING TO GRAVITY
Like the minimally-coupled case, the effective potential here assumes extremely
large values in the non-perturbative region and then rapidly decreases to ex-
tremely small values before the matter-quintessence transition.
The cosmological parameters for this subclass are given by:
ϕ 0ϕNP 700 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.25 , β α =1, non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
The matter-dominated phase is correctly present, with the cosmological param-
eter Ωm reduced compared to the minimally-coupled case.
The deviation 1 + wϕ has the following evolution:
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.25 , βα=1, non -minimal , ξ≫1
The deviation correctly tends to zero as z → −1 in this subclass as well.
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α = 0.5
For α = 0.5, βα = 1, the effective potential has the following form:
ϕ05 40 ϕ
10 -110
10 -90
10 -70
10 -50
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.5 , βα=1, non -minimal , ξ≫1
The effective potential has a similar shape as in the minimally-coupled case, but
it is significantly smaller.
The cosmological parameters for this subclass are given by:
ϕ 0ϕNP 40 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.5 , β α =1, non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
Like the previous cases, the cosmological parameter Ωm is reduced compared to
the minimally coupled case for ϕ < ϕ0. We have anyway a matter-dominated
phase for ϕNP < ϕ < ϕ0.
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Finally, the deviation in terms of the redshift has the following evolution:
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.5 , βα=1, non -minimal , ξ≫1
We have the usual smooth decrease to zero as z → −1.
α = 0.75
For α = 0.75 and βα = 1, the form of the effective potential is the following:
ϕ0ϕNP 20 ϕ10 -126
10 -121
10 -116
10 -111
10 -106
10 -101
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.75 , βα=1, non -minimal , ξ≫1
Once again, we have the matter-quintessence transition before ϕ0 and after that,
the effective potential slowly decreases to smaller values.
The evolution of the cosmological parameters is the following:
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ϕ 0ϕNP 15 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.75 , β α =1, non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
As in the cases α = 0.25,α = 0.75, the matter-dominated phase is correctly
reached before ϕNP.
The deviation 1 + wϕ versus the redshift z has the following behavior:
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
0.30
1+wϕβ(φ)=βα/φα, α=0.75 , βα=1, non -minimal , ξ≫1
The deviation has similar shape as in the other two cases, but it reaches larger
values as z grows.
5.3.3 Inverse logarithmic class II(0)
In this class, for β0 = 1 we obtain for the effective potential:
76 CHAPTER 5. NON-MINIMAL COUPLING TO GRAVITY
ϕ0ϕNP 10 ϕ10 -122
10 -121
10 -120
10 -119
10 -118
10 -117
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=1, non -minimal , ξ≫1
As in the minimally-coupled case, the effective potential exhibits a smoother
matter-quintessence transition than in the other ones.
The cosmological parameters have the following evolution:
ϕ 0ϕNP 7 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β 0 / ( ϕ logϕ ) , β 0 =1, non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
For the particular choice of this class, the matter-dominated era is barely reached
before ϕ decreases to ϕNP.
The deviation in terms of redshift is given by:
5.3. UNIVERSALITY CLASSES 77
-1.0 -0.5 0.5 1.0 1.5 2.0 z
0.1
0.2
0.3
0.4
1+wϕβ(ϕ)=β0 /(ϕ*log (ϕ)), β0=1, non -minimal , ξ≫1
The equation-of-state parameter wϕ correctly tends to zero as z → −1, while it
increases very rapidly as z grows.
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Chapter 6
Conclusions and future
developments
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The β-function formalism has been successfully extended to models of quintessence,
either minimally and non-minimally coupled to gravity, in a flat, homogeneous
and isotropic Universe consisting of the quintessence field and a second com-
ponent describing pressureless matter. Since the matter energy density ρm
decreases as the cosmic scale factor a grows as ρm ∝ a−3, we have identified two
main phases to discuss separately: an asymptotic phase in which the contribu-
tion of the matter component is negligible and a transition phase in which we
have to take account of both components. In the first phase – which corresponds
to the infinite future – the constraints on the β-function and its integrals allowed
us to identify φ → ∞ as the fixed point of the RG flow and four universality
classes, characterized by their first-order expansion near the fixed point of β(φ).
The different expansions are then used in the transition phase to express the
various cosmological quantites in terms of the free parameters of the expansion.
For each of the three classes considered throughout the work, we have set con-
straints on the free parameters of the expansion by comparing the evolution
of the cosmological observables obtained within the formalism with the theory.
We generally found that for values of the first-order coefficient of the expansion
smaller than 10−1 the cosmological parameter Ωm does not exhibit in the past
a dominating phase before the perturbative approach is broken and therefore
all the models which lead to a β-function of this kind can be safely ruled out.
6.1 Future developments
The constraints we have set however are quite rough and further analyses are
required in order to sharpen them. A first possibility is obviously to make a
thicker choice of the free parameters to plot; another possibility is to consider
more cosmological quantities that are directly influenced by the expansion of the
Universe, and once expressed in terms of the formalism of universality classes
they can be used to set additional constraints by comparison with the observa-
tions. One of these quantities may be the growth of structures: even though
the early Universe was homogeneous and isotropic and it has remained so on
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large scales, inhomogeneities have developed on smaller scales. In an expanding
Universe, the rate at which inhomogeneties grow is increased by gravitational
attraction and slowed down by the expansion [9].
At linear order the matter density can be written as ρm(x, t) = ρ
(0)
m (t) +
δρm(x, t), where ρ
(0)
m (t) is the homogeneous background and δρm(x, t) is the
perturbation. The growth of inhomogeneities is traditionally measured by the
growth factor G(a) ≡ δ(a)/δ(a0), where δ ≡ δρm/ρ(0)m , whose approximate ex-
pression [52] is
G(a) = exp
(∫ a
0
d ln a [Ωm(a)]
γ
)
, Ωm(a) ≡ Ωm,0
(a0
a
)3 H20
H2(a)
. (6.1.1)
The index γ is the growth index and it depends on the model. For example,
the ΛCDM model has γ ∼ 6/11. The constraints on γ can be turned into con-
straints on the β-function parameters, once we manage to relate them.
As we have seen, a stage of accelerated expansion can be interpreted as an RG
flow towards or away a pure de Sitter solution. It has been widely noted in lit-
erature that a de Sitter space can be mapped to an Anti de Sitter space which
can be equivalently described by a conformal field theory through the famous
AdS/CFT correspondence [53, 54]. The map between dS and AdS is obtained
by taking m2p → −m2p, V (φ) → −V (φ). The Hubble rate H on the dS side
becomes L−1, the inverse curvature length, in the AdS side, and the dS time co-
ordinate t becomes the AdS holographic spacelike coordinate u, with the horizon
at u→∞ and the boundary at u→ 0. AdS/CFT correspondence states that a
gravity theory on AdS is equivalent to a Conformal Field Theory (CFT) on its
boundary and hence with one dimension less. The AdS/CFT correspondence
relates strongly coupled gravity theories with weakly coupled field theories and
viceversa; the coordinate u may be viewed as an energy scale for the boundary
field theory: u→∞ is the infrared limit while u→ 0 is the ultraviolet limit.
The departure from the exact dS solution is then mapped into a departure from
a strictly conformal field theory in the holographic picture. Such departure is
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described by an operator O(x) with scaling dimension ∆ [10]: its RG flow is
then induced by its scaling behavior.
In [10], the AdS4/CFT3 duality is translated into a duality between this op-
erator and the inflaton field, and the classification of this operator leads to
a classification of inflation theories. Using in particular the relation between
power spectra in cosmology and correlators in QFT [55], they find the following
relation between the scaling dimension ∆ and the scalar spectral index ns:
∆ = 3 +
1
2
(1− ns). (6.1.2)
Expressing ns in terms of typical quantities of the β-function formalism, it is
then possible to characterize the scaling behavior of the dual operator for each
universality class.
As an interesting point for future studies, we might ask whether the AdS/CFT
correspondence may apply to quintessence models as well and whether the RG
flow towards the dS fixed point which we have identified might be dual to the
RG flow induced by an operator of a quantum field theory.
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A.1 Minimally-coupled case
A.1.1 Inverse linear class Ib(1)
Effective potential
ϕ0ϕNP 50 ϕ
1. ×10 -125
1. ×10 -124
1. ×10 -123
1. ×10 -122
1. ×10 -121
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β1 /ϕ, β1=0.1
ϕ0ϕNP 50 ϕ
10 -121
10 -119
10 -117
10 -115
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β1 /ϕ, β1=0.5
ϕ0ϕNP 50 ϕ10 -128
10 -118
10 -108
10 -98
10 -88
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β1 /ϕ, β1=2
ϕ0ϕNP 50 ϕ
10 -110
10 -90
10 -70
10 -50
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β1 /ϕ, β1=5
Cosmological parameters
ϕ 0ϕNP 1 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β1 / ϕ , β1 =0.1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
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ϕ 0ϕNP 5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β1 / ϕ , β1 =0.5
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 15 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β1 / ϕ , β1 =2
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 40 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β1 / ϕ , β1 =5
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
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Deviation
-1.0 -0.5 0.5 1.0 1.5 2.0 z
0.5
1.0
1.5
1+wϕ β(ϕ)=β1/ϕ, β1=0.1
2 4 6 8 10
z
0.2
0.4
0.6
0.8
1.0
1+wϕ β(ϕ)=β1/ϕ, β1=0.5
2 4 6 8 10
z
0.2
0.4
0.6
0.8
1+wϕ β(ϕ)=β1/ϕ, β1=2
-1.0 -0.5 0.5 1.0 1.5 2.0 z
0.05
0.10
0.15
1+wϕβ(ϕ)=β1 /ϕ, β1=0.5
For this class, we see that in general the effective potential correctly dimin-
ishes to values extremely small as φ grows. In addition, for β1 & 0.5 there is
a neat transition right before φ0, which corresponds to the matter-quintessence
equality. This class does not provide a matter-dominated era before φNP for
β1 . 0.5, therefore we can exclude these models and constraint the free pa-
rameter to β1 & 0.5. The deviation from -1 of the equation of state parameter
tends to zero for each of our choices of β1. Hence, we can not set any further
constraint on β1.
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A.1.2 Fractional class Ib(α), 0 < α < 1
α = 0.25
Effective potential
ϕ0ϕNP 1 ϕ
2.0 ×10 -122
2.2 ×10 -122
2.4 ×10 -122
2.6 ×10 -122
2.8 ×10 -122
3.0 ×10 -122Veﬀ (ϕ)
Eﬀective potential for β(ϕ)=βα/ϕα, α=0.25 , βα=0.1
ϕ010 60 ϕ
10 -120
10 -70
10 -20
10 30
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕα, α=0.25 , βα=0.5
Cosmological parameters
ϕ0ϕNP 0.5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕα, α=0.25, βα=0.1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 60 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕα, α=0.25, βα=0.5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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Deviation
-1.0 -0.8 -0.6 -0.4 -0.2 0.2 z
0.005
0.010
0.015
0.020
0.025
0.030
0.035
1+wϕβ(ϕ)=βα/ϕα, α=0.25, βα=0.1
2 4 6 8 10
z
0.0006
0.0007
0.0008
0.0009
0.0010
0.0011
1+wϕ β(ϕ)=βα/ϕα, α=0.25, βα=0.5
In this subclass, for βα . 0.5 the effective potential does not exhibit the matter-
quintessence transition and there is not a matter dominated era in the evolution
of the cosmological parameters.
α = 0.5
Effective potential
ϕ0ϕNP 3 ϕ
1.5 ×10 -122
2.5 ×10 -122
3.5 ×10 -122
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.5 , βα=0.1
ϕ0ϕNP 15 ϕ10 -126
10 -116
10 -106
10 -96
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.5 , βα=0.5
ϕ030 200 ϕ
10 -130
10 -30
10 70
10 170
10 270
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.5 , βα=2
ϕ0 1000 ϕ
10 -120
10 -20
1 ×10 80
1 ×10 180
1 ×10 280
1 ×10 380Veﬀ (ϕ)
Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.5 , βα=5
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Cosmological parameters
ϕ0ϕNP 1 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.5, βα=0.1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 15 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.5, βα=0.5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 150 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.5, βα=2
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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ϕ0ϕNP 800 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.5, βα=5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
Deviation
-1.0 -0.5 0.5 1.0 z
0.02
0.04
0.06
0.08
0.10
0.12
1+wϕβ(ϕ)=βα/ϕα, α=0.5, βα=0.1
2 4 6 8 10
z
0.0006
0.0007
0.0008
0.0009
0.0010
0.0011
1+wϕ β(ϕ)=βα/ϕα, α=0.5, βα=0.5
2 4 6 8 10
z
0.000035
0.00004
0.000045
0.00005
0.000055
0.00006
0.000065
0.00007
1+wϕ β(ϕ)=βα/ϕα, α=0.5, βα=2
2 4 6 8 10
z
6.×10-6
7.×10-6
8.×10-6
9.×10-6
0.00001
0.000011
1+wϕ β(ϕ)=βα/ϕα, α=0.5, βα=5
Similarly to the α = 0.25 subclass, in this case we have also a matter-dominated
era for βα & 0.5. In this same range, the effective potential exhibits the matter-
quintessence transition, while the deviation always tends to zero as z → −1.
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α = 0.75
Effective potential
ϕ0ϕNP 3 ϕ
1. ×10 -126
1. ×10 -125
1. ×10 -124
1. ×10 -123
1. ×10 -122
1. ×10 -121
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.75 , βα=0.1
ϕ0ϕNP 10 ϕ
10 -122
10 -119
10 -116
10 -113
10 -110
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.75 , βα=0.5
ϕ0ϕNP 50 ϕ
10 -110
10 -90
10 -70
10 -50
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.75 , βα=2
ϕ0ϕNP 150 ϕ10 -170
10 -70
10 30
10 130
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=βα/ϕ^ α, α=0.75 , βα=5
Cosmological parameters
ϕ0ϕNP 1 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.75, βα=0.1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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ϕ0ϕNP 10 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.75, βα=0.5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ00 50 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.75, βα=2
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 150 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕ^α, α=0.75, βα=5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
A.1. MINIMALLY-COUPLED CASE 95
Deviation
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1+wϕ β(ϕ)=βα/ϕα, α=0.75, βα=0.5
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1+wϕ β(ϕ)=βα/ϕα, α=0.75, βα=2
2 4 6 8 10
z
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0.026
1+wϕ β(ϕ)=βα/ϕα, α=0.75, βα=0.1
In this last particular case for the Ib(α) class, we have a similar behavior as
in the previous cases: the effective potential exhibits the matter-quintessence
transition and the cosmological parameters present a matter-dominated era for
βα & 0.5.
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A.1.3 Inverse logarithmic class II(0)
Effective potential
ϕ0ϕNP 2 ϕ
1. ×10 -122
2. ×10 -122
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=0.1
ϕ0ϕNP 5 ϕ
10 -123
10 -122
10 -121
10 -120
10 -119
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=0.5
ϕ0ϕNP 15 ϕ
10 -121
10 -117
10 -113
10 -109
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=2
ϕ0ϕNP 20 ϕ10 -126
10 -116
10 -106
10 -96
Veﬀ (ϕ) Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=5
Cosmological parameters
ϕ0ϕNP 3 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β0/(ϕ logϕ), β0=0.1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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ϕ0ϕNP 5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β0/(ϕ logϕ), β0=0.5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 10 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β0/(ϕ logϕ), β0=2
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 15 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β0/(ϕ logϕ), β0=5
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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1+wϕβ(ϕ)=β0/(ϕ*log(ϕ)), β0=0.1
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1+wϕ β(ϕ)=β0/(ϕ*log(ϕ)), β0=0.5
2 4 6 8 10
z
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0.6
0.8
1.0
1+wϕ β(ϕ)=β0/(ϕ*log(ϕ)), β0=2
2 4 6 8 10
z
0.2
0.4
0.6
0.8
1+wϕ β(ϕ)=β0/(ϕ*log(ϕ)), β0=5
The plotted quantities for this class have generally a smoother behavior com-
pared to those of the other classes. In spite of that, we obtain the correct
evolution for all the quantities in the same range for β0, i.e. β0 & 0.5.
A.2 Non-minimally coupled case
A.2.1 Inverse linear class Ib(1)
Effective potential
ϕ0ϕNP 2 ϕ
2.0 ×10 -122
2.5 ×10 -122
3.0 ×10 -122
3.5 ×10 -122
4.0 ×10 -1224.5 ×10
-122
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β1 /ϕ, β1=0.1 , non -minimal , ξ≫1
ϕ0ϕNP 5 ϕ10 -122
10 -120
10 -118
10 -116
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β1 /ϕ, β1=0.5 , non -minimal , ξ≫1
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ϕ0ϕNP 20 ϕ
10 -121
10 -111
10 -101
10 -91
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β1 /ϕ, β1=2, non -minimal , ξ≫1
ϕ0ϕNP 50 ϕ
10 -110
10 -90
10 -70
10 -50
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β1 /ϕ, β1=5, non -minimal , ξ≫1
Cosmological parameters
ϕ0ϕNP 1 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β1/ϕ, β1=0.1, non-minimal, ξ≫1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β1/ϕ, β1=0.5, non-minimal, ξ≫1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
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ϕ0ϕNP 15 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β1/ϕ, β1=2, non-minimal, ξ≫1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
ϕ0ϕNP 30 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=β1/ϕ, β1=5, non-minimal, ξ≫1
Ωm(ϕ)Ωϕ(ϕ)β(ϕ)Ωm(ϕ)+Ωϕ(ϕ)
Deviation
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0.6
0.8
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1+wϕβ(φ)=β1/φ, β1=0.1, non-minimal, ξ≫1
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1+wϕ β(φ)=β1/φ, β1=0.5, non-minimal, ξ≫1
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-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕ β(φ)=β1/φ, β1=2, non-minimal, ξ≫1
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕ β(φ)=β1/φ, β1=5, non-minimal, ξ≫1
In the strong non-minimal coupling limit, the inverse linear class does not show
a substantially different behavior from the minimally coupled case. We get the
correct evolution for all the observables for β1 & 0.5.
A.2.2 Fractional class Ib(α), 0 < α < 1
α = 0.25
Effective potential
ϕ0ϕNP 1 ϕ
2.2 ×10 -122
2.4 ×10 -122
2.6 ×10 -122
2.8 ×10 -122
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.25 , βα=0.1 , non -minimal , ξ≫1
ϕ010 60 ϕ
10 -110
10 -90
10 -70
10 -50
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.25 , βα=0.5 , non -minimal , ξ≫1
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Cosmological parameters
ϕ0ϕNP 0.5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β(ϕ)=βα/ϕα, α=0.25 , βα=0.1 , non -minimal , ξ≫1
Ωm (ϕ)Ωϕ(ϕ)β(ϕ)Ωm (ϕ)+Ωϕ(ϕ)
ϕ 0ϕNP 60 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.25 , β α =0.5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
Deviation
-1.0 -0.8 -0.6 -0.4 -0.2 z
0.01
0.02
0.03
0.04
1+wϕβ(φ)=βα/φα, α=0.25 , βα=0.1 , non -minimal , ξ≫1
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.25 , βα=0.5 , non -minimal , ξ≫1
For α = 0.25, we find a similar behavior as in the minimally-coupled case for all
the quantities. Then, we can set the constraint βα & 0.5 for this case as well.
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α = 0.5
Effective potential
ϕ0ϕNP 1 ϕ
2.00 ×10 -122
2.25 ×10 -122
2.50 ×10 -122
2.75 ×10 -122
3.00 ×10 -122
3.25 ×10 -122Veﬀ (ϕ)
Eﬀective potential for β(ϕ)=βα/ϕα, α=0.5 , βα=0.1 , non -minimal , ξ≫1
ϕ01 10 ϕ
1. ×10 -119
1. ×10 -114
1. ×10 -109
1. ×10 -104Veﬀ (ϕ)
Eﬀective potential for β(ϕ)=βα/ϕα, α=0.5 , βα=0.5 , non -minimal , ξ≫1
ϕ020 150 ϕ10 -170
10 -70
10 30
10 130
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.5 , βα=2, non -minimal , ξ≫1
ϕ0 750 ϕ10 -160
10 -60
1 ×10 40
1 ×10 140
1 ×10 240
1 ×10 340
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.5 , βα=5, non -minimal , ξ≫1
Cosmological parameters
ϕ 0ϕNP 1 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.5 , β α =0.1 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
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ϕ 0ϕNP 10 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.5 , β α =0.5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 150 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.5 , β α =2 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 750 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.5 , β α =5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
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Deviation
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1+wϕβ(φ)=βα/φα, α=0.5 , βα=0.1 , non -minimal , ξ≫1
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0.25
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1+wϕβ(φ)=βα/φα, α=0.5 , βα=0.5 , non -minimal , ξ≫1
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.5 , βα=2, non -minimal , ξ≫1
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.5 , βα=5, non -minimal , ξ≫1
For α = 0.5, we have again that the cosmological parameters exhibit a matter-
dominated era for βα & 0.5. The effective potential and the deviation well
behave for all the choices of βα.
α = 0.75
Effective potential
ϕ0ϕNP 1 ϕ
2.0 ×10 -122
2.5 ×10 -122
3.0 ×10 -122
3.5 ×10 -122
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.75 , βα=0.1 , non -minimal , ξ≫1
ϕ0ϕNP 10 ϕ
10 -120
10 -117
10 -114
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.75 , βα=0.5 , non -minimal , ξ≫1
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ϕ0ϕNP 40 ϕ
10 -122
10 -102
10 -82
10 -62
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.75 , βα=2, non -minimal , ξ≫1
ϕ025 150 ϕ
10 -100
10 -50
1
10 50
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=βα/ϕα, α=0.75 , βα=5, non -minimal , ξ≫1
Cosmological parameters
ϕ 0ϕNP 1 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.75 , β α =0.1 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.75 , β α =0.5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
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ϕ 0ϕNP 40 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.75 , β α =2 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 150 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β α / ϕ α , α =0.75 , β α =5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
Deviation
-1.0 -0.5 0.5 1.0 z
0.1
0.2
0.3
0.4
0.5
1+wϕβ(φ)=βα/φα, α=0.75 , βα=0.1 , non -minimal , ξ≫1
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
0.30
1+wϕβ(φ)=βα/φα, α=0.75 , βα=0.5 , non -minimal , ξ≫1
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-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.75 , βα=2, non -minimal , ξ≫1
-1 1 2 3 4 5 z
0.05
0.10
0.15
0.20
0.25
1+wϕβ(φ)=βα/φα, α=0.75 , βα=5, non -minimal , ξ≫1
For α = 0.75, we have also a similar behavior as in the previous cases for
βα & 0.5.
A.2.3 Inverse logarithmic class II(0)
Effective potential
ϕ0ϕNP 5 ϕ
2.25 ×10 -122
2.50 ×10 -122
2.75 ×10 -122
3.00 ×10 -122
3.25 ×10 -122
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=0.1 , non -minimal , ξ≫1
ϕ0ϕNP 7 ϕ
5. ×10 -122
1. ×10 -121
5. ×10 -121
1. ×10 -120
5. ×10 -120Veﬀ (ϕ)
Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=0.5 , non -minimal , ξ≫1
ϕ0ϕNP 15 ϕ
10 -121
10 -119
10 -117
10 -115
10 -113
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=2, non -minimal , ξ≫1
ϕ0ϕNP 20 ϕ
10 -120
10 -115
10 -110
10 -105
10 -100
Veﬀ (ϕ)Eﬀective potential for β(ϕ)=β0 /(ϕ log (ϕ)), β0=5, non -minimal , ξ≫1
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Cosmological parameters
ϕ 0ϕNP 3 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β 0 / ( ϕ logϕ ) , β 0 =0.1 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β 0 / ( ϕ logϕ ) , β 0 =0.5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
ϕ 0ϕNP 10 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β 0 / ( ϕ logϕ ) , β 0 =2 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
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ϕ 0ϕNP 15 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
β ( ϕ ) =β 0 / ( ϕ logϕ ) , β 0 =5 , non-minimal , ξ ≫1
Ωm (ϕ )Ωϕ (ϕ )β (ϕ )Ωm (ϕ ) +Ωϕ (ϕ )
Deviation
-1.0 -0.5 0.5 1.0 z
0.1
0.2
0.3
0.4
0.5
0.6
0.7
1+wϕβ(ϕ)=β0 /(ϕ*log (ϕ)), β0=0.1 , non -minimal , ξ≫1
-1.0 -0.5 0.5 1.0 1.5 2.0 z
0.1
0.2
0.3
0.4
0.5
1+wϕβ(ϕ)=β0 /(ϕ*log (ϕ)), β0=0.5 , non -minimal , ξ≫1
-1.0 -0.5 0.5 1.0 1.5 2.0 z
0.1
0.2
0.3
0.4
1+wϕβ(ϕ)=β0 /(ϕ*log (ϕ)), β0=2, non -minimal , ξ≫1
-1.0 -0.5 0.5 1.0 1.5 2.0 z
0.1
0.2
0.3
1+wϕβ(ϕ)=β0 /(ϕ*log (ϕ)), β0=5, non -minimal , ξ≫1
In this class, we have a matter-dominated era which lasts long enough for β0 & 1.
Appendix B
Mathemathics of conformal
transformations
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In this Appendix, we show in details how the several geometrical quantities
transform under a conformal transformation in order to arrive to the Einstein
frame action. We start from the Jordan frame action:
S =
∫
d4x
√
−g˜
[
Ω2(φ)
2
R˜− 1
2
g˜µν∂µφ∂νφ− V˜ (φ)
]
. (B.1)
The conformal transformation which brings us to the Einstein frame is thus
g˜µν → gµν = Ω2(φ)g˜µν . (B.2)
Under the action of (B.2), the determinant and the inverse of the metric trans-
form as
g = Ω2d(φ)g˜, gµν = Ω−2(φ)g˜µν , (B.3)
where d is the number of dimensions. The Christoffel symbols, related to the
metric via
Γ˜αβγ =
1
2
g˜αµ (g˜βµ,γ + g˜γµ,β − g˜βγ,µ) , (B.4)
where we have denoted A,µ ≡ ∂µA, transform as [56,57]
Γαβγ = Γ˜
α
βγ +
(
δαβ∇˜γ(ln Ω) + δαγ∇˜β(ln Ω)− g˜βγ∇˜α(ln Ω)
)
. (B.5)
From the Christoffel symbols, we can construct the Riemann curvature tensor:
R˜αβγδ = Γ˜
α
βδ,γ − Γ˜αβγ,δ + Γ˜αγµΓ˜µβδ − Γ˜αδµΓ˜µβγ . (B.6)
Under (B.2), the Riemann tensor transforms as
R δαβγ = R˜
δ
αβγ + 2δ
δ
[α∇˜β]∇˜γ(ln Ω)− 2g˜δσ g˜γ[α∇˜β]∇˜σ(ln Ω)
− 2∇˜[α(ln Ω)δ δβ] ∇˜γ(ln Ω) + 2∇˜[α(ln Ω)g˜β]γ g˜δσ∇˜σ(ln Ω)
+ 2g˜γ[αδ
δ
β] g˜
σρ∇˜σ(ln Ω)∇˜ρ(ln Ω). (B.7)
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where we used the compact notation
A[αBβ] ≡ AαBβ −AβBα. (B.8)
The Ricci tensor is then given by the only non-trivial contraction of the indexes
of the Riemann tensor,
R˜µν = R˜
α
µαν , (B.9)
and it transforms as
Rµν = R˜µν − (d− 2)∇˜µ∇˜ν(ln Ω)− g˜µν g˜αβ∇˜α∇˜β(ln Ω)
− (d− 2)∇˜µ(ln Ω)∇˜ν(ln Ω) + (d− 2)g˜µν g˜αβ∇˜α(ln Ω)∇˜β(ln Ω).
(B.10)
Finally, the Ricci scalar R˜ ≡ g˜µνR˜µν which figures in the action (B.1) transforms
as
R = gµνRµν = Ω
−2g˜µνRµν
= Ω−2
[
R˜− 2(d− 1)g˜αβ∇˜α∇˜β(ln Ω) + (d− 2)(d− 1)g˜αβ∇˜α(ln Ω)∇˜β(ln Ω)
]
,
(B.11)
where the D’Alambert operator ˜ in curved space is defined as
˜A ≡ g˜µν∇˜µ∇˜νA = 1√−g˜ ∂µ
(√
−g˜g˜µν∂νA
)
. (B.12)
For d = 4, eq. (B.11) reduces to
R = Ω−2
[
R˜− 6˜(ln Ω) + 6g˜αβ∇˜α(ln Ω)∇˜β(ln Ω)
]
. (B.13)
From this equation, we can obtain R˜ in terms of R:
R˜ = Ω2R+ 6˜(ln Ω)− 6g˜αβ∇˜α(ln Ω)∇˜β(ln Ω). (B.14)
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Therefore, the gravitational part of the action (B.1) becomes
1
2
√
−g˜Ω2R˜ = 1
2
√−gΩ−4Ω2
[
Ω2R+ 6˜(ln Ω)− 6g˜αβ∇˜α(ln Ω)∇˜β(ln Ω)
]
=
1
2
√−gR+ 3
√
−g˜˜(ln Ω)− 3√−gΩ−2g˜αβ∇˜α∇˜β(ln Ω)
=
1
2
√−gR+ 3
√
−g˜˜(ln Ω)− 3√−ggαβ∂α(ln Ω)∂β(ln Ω). (B.15)
where we have used the fact that on a scalar function F , ∇˜µF = ∂µF . The
second term on the right hand side can be re-arranged in order to become a
total divergence, in fact:
√
−g˜˜(ln Ω) =
√
−g˜ 1√−g˜ ∂µ
(√
−g˜g˜µν∂ν(ln Ω)
)
= ∂µ
(√
−g˜g˜µν∂ν(ln Ω)
)
, (B.16)
so this term can be integrated away without affecting the field equations. On
the other side, the last term of the right hand side can be expressed in the
following way:
3
√−ggαβ∂α(ln Ω)∂β(ln Ω) = 6
√−g
(
d ln Ω
dφ
)2
gµν∂µφ∂νφ
2
. (B.17)
In the end, we are left with
∫
d4x
√
−g˜Ω2(φ) R˜
2
=
∫
d4x
√−g
[
R
2
− 6
(
d ln Ω
dφ
)2
gµν∂µφ∂νφ
2
]
. (B.18)
For the non-gravitational part of (B.1), we immediately have
−
∫
d4x
√
−g˜
[
1
2
K(φ)g˜µν∂µφ∂νφ+ V˜ (φ)
]
= −
∫
d4x
√−g
[
K(φ)
Ω2(φ)
gµν∂µφ∂νφ
2
+
V˜ (φ)
Ω4(φ)
]
,
= −
∫
d4x
√−g
[
K(φ)
Ω2(φ)
gµν∂µφ∂νφ
2
+ V (φ)
]
,
(B.19)
where we have defined V (φ) ≡ V˜ (φ)/Ω4(φ). Putting together eqs. (B.18),(B.19)
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we can write the action in the Einstein frame:
SE =
∫
d4x
√−g
[
R
2
−
(
K(φ)
Ω2(φ)
+ 6
(
d ln Ω
dφ
)2)
gµν∂µφ∂νφ
2
+ V (φ)
]
.
(B.20)
The last step is to introduce the canonically normalized field ϕ through the
definition (
dϕ
dφ
)2
=
K(φ)
Ω2(φ)
+ 6
(
d ln Ω
dφ
)2
, (B.21)
so that the action becomes
SE =
∫
d4x
√−g
[
R
2
− 1
2
gµν∂µϕ∂νϕ− V (φ(ϕ))
]
. (B.22)
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